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Stability of the eigenfunctions of nonnegative selfadjoint second-order linear elliptic operators subject to homo-
geneous Dirichlet boundary data under domain perturbation is investigated. Let ©, ' C R" be bounded open
sets. The main result gives estimates for the variation of the eigenfunctions under perturbations Q' of  such
that Q. = {z € Q : dist(z, R"\Q) > e} C Q' C ' C Q in terms of powers of &, where the parameter £ > 0
is sufficiently small. The estimates obtained here hold under some regularity assumptions on €2, . They are

obtained by using the notion of a gap between linear operators, which has been recently extended by the authors
to differential operators defined on different open sets.

(© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Let (a;j)i, j=1,....n be a Hermitian matrix of Lipschitz continuous complex-valued functions defined on R" and
suppose that there exists a positive constant # > 0 such that

n

Y a@)&E =0y Gl (1.1)
i=1

i,j=1

for all z € R™ and for all £ = (§1,...,&,) € C". Letalso b € C(R") be a real-valued function such that for
some positive constant ¢

b(xz) > ¢

for every x € R".
For every bounded open set {2 C R" we consider the eigenvalue problem

Su=Au in
{u =0 on 09, 1.2)
where S is the uniformly elliptic second order linear differential operator in divergence form
Su = — Z (aij(2)us, )e;, +b(x)u, x€Q. (1.3)

ij=1
The problem has a standard weak formulation that goes as follows: consider the nonnegative sesquilinear form

Q: Hi(Q) x H (Q) — C (1.4)
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1358 V. I. Burenkov and E. Feleqi: Stability estimates for the eigenfunctions

in L?(§2) defined by

Qu,v) = /Q ( Z aij(r)ug, (2)v,, () + b(x)u(a:)v(x)) dx (1.5)

ij=1

forall u,v € H{ (). Itis a well-known result (see, e.g., [7, Chapter 6]) that there exists a nonnegative selfadjoint
operator Sq such that u € D(Sg) if and only if u € H{ () and there exists an f € L?({2) such that

Q(u, v) = (f, v)r2(q)

for all v € H} (Q); in such a case Squ = f. In the weak formulation problem (1.2) is the problem of finding the
eigenvalues and eigenfunctions of the operator Sg,.

The operator Sq has compact resolvent, hence its spectrum is discrete, that is, it consists of isolated eigenvalues
of finite multiplicity (see again [7]). These eigenvalues are all strictly positive and if arranged in a sequence in
nondecreasing order repeating them as many times as their multiplicity,

MO S Q@ < SXQ < (1.6)

then limy, o, A\x[©2] = oo. Moreover, there exists an orthonormal basis of eigenfunctions {¢y [Q]}ren in L2 ().
Here, for each k € N, ¢;[] is an eigenfunction for the eigenvalue Ay, [©2]. Given k, m € N such that

Akfl[Q] < )\k [Q] S te S )\k+mfl[Q} < )\k+m [Q]» (17)
(the first inequality on the left is not present if £ = 1), we set

Ni i [Q] = span {px [, ..., kym-1[Q]} (1.8)

Consider a fixed bounded open set ). The main result of the paper is Theorem 3.3 which estimates the gap
between Ny, [, Ni ,, ['] (seen as subspaces of L?(Q; U €2s)) in terms of the gap between S and S for
perturbations 2 of Q sufficiently “close” to 2.

Let ¢ > 0 be sufficiently small and let the open set {2’ be a perturbation of 2 such that

Q. cQccQ,
where
Q. = {z € Q:dist(z, R"\Q) < }. (1.9)

(Thus, € is a parameter that controls the magnitude of a perturbation €’ of the open set €2.) Then Theorem 3.5
gives an estimate of the gap between the two subspaces Ny, [Q] and Ny ,, [Q] (here Nj ,,,[Q'] is seen as a
subspace of L? () by extending its elements up to € by zero) in terms of powers of € in space dimension n < 3.
This in turn leads to some estimates of the variation of the eigenfunctions ||o[Q2'] — ©[Q][[z2(q) in terms of ¢ in
Theorem 3.6.

The estimates of this paper are obtained by using the notions of a gap between linear subspaces and between
linear operators, which was first introduced by Krein and coworkers in the 1940s (e.g., see [11], [12]). For the
convenience of the reader the definition and some of the properties of the gap have been reported in Section 2. In
order to adapt it to domain perturbation problems, an extension of the notion of a gap between operators defined
on different open sets is needed; a possible definition of such a gap has been suggested in an our recent article [4].
Moreover, in that same article the gap between operators of the kind that we consider here is estimated in terms
of e. For commodity, the said definition and estimate are reported here in Section 3. Finally, this estimate of the
gap is used in Section 3 to obtain estimates for the variation of the eigenfunctions (see Theorems 3.5 and 3.6).

The problem of spectral stability is one of the important problems in the theory of partial differential operators,
which apart from theoretical interest, is also useful in applications, first of all to numerical methods related to
computing eigenvalues and eigenfunctions.

The problem of estimating the variation of eigenvalues upon a domain perturbation has been treated by several
authors, see Burenkov, Lamberti and Lanza de Cristoforis [S] for extensive references on this subject. However,
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much much less attention has been devoted to the problem of finding explicit estimates for the variation of the
eigenfunctions. In [1] and [15], [16] only the first nontrivial eigenfunctions of the Dirichlet Laplacian and Neuman
Laplacian, respectively, are considered. In the recent paper [2] the case of domain perturbations obtained by
suitable diffeomorphisms is considered (see also [13], [14]).

We also note the paper [19] in which sharp stability estimates for the solutions of the Dirichlet problem for the
equation Su = f on € and ' are obtained.

2 Notation and preliminary results

The notion of a gap from-to and between two subspaces of a normed space or two linear operators acting in
normed spaces and the relative properties needed here are recalled. We reccommend [9, Chapter 4] for all the
facts concerning the notion of a gap between subspaces and between linear operators stated here without proof.

2.1 Gap between subspaces

Definition 2.1 Let M and A be linear subspaces of a normed space Z. The gap from M to N is defined by
the following formula:

S(M, N)= sup dist(u, N), 2.1
ue M
[Jull =1
where dist(u, N) = inf,cn ||u — v]| is the distance of the vector u to the subspace N. (The equality |Jul| = 1

can be replaced by the inequality ||u|| < 1 without changing the result.)
One defines the gap between M and N by

S(M, N) = max{d(M, N), 6N, M)} 2.2)
The supremum in (2.1) has no meaning if M = {0}; in this case one defines §({0}, N') = 0 for any A/. On

the other hand 6(M, {0}) = 1 if M # {0} as is seen by the definition.
Theorem 2.2 If M and N are linear subspaces of a Hilbert space Z, then

(M, N) =01 -Q)P],
S(M, N) =P =@,

where P, Q are the orthogonal projectors onto the closures of M and N respectively.

Thus the gap between closed linear subspaces is a metric on closed linear subspaces of a Hilbert space. For
finite dimensional subspaces of a Hilbert space one can introduce the notion of principal or canonical angles
between the said subspaces (see, e.g., [10]) and the gap between these subspaces in the sine of the greatest of the
principal angles.

We need also the following property (a proof of which can be found also in [4].

Theorem 2.3 Let M and N be linear subspaces of a normed space Z. §(M, N') < 1 implies dimM <
dimN. 6(M, N) < 1 implies diim M = dim N.

2.2 Gap between operators

Let X + Y denote the direct sum of two normed spaces X', )/, that is, the cartesian product of X and )) made into
a normed space by the usual definition of addition, multiplication by scalars and norm given by

1/2
(s W)y = (lullZ + [[0]3)

forallu € X, v € Y. If X and Y are inner product spaces with inner products (-, -)x, (-, )y respectively, then
X + Y, denoted this time more commonly by X @ ), is also an inner product space with the inner product given
by

((ua v), (ula U/))X@y = (u, u/)X + (v, U’)y

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1360 V. I. Burenkov and E. Feleqi: Stability estimates for the eigenfunctions

forall u, v’ € X, v, v’ € Y. Thus, if X, Y are Banach (Hilbert) spaces, then X + Y (X & Y) is also a Banach
(Hilbert) space. As usual, the subscripts in the notation for norms and inner products will be dropped when there
is no danger of ambiguity.

Let

T:D(T)CX — Y

be a linear operator, where the linear subspace D(T') of X is the domain of the operator T". The kernel of the
operator 7' is denoted by N (7") and its range by R(T"). The linear subspace

G(T) ={(u, Tu) : uw e D(T)},

of X + Y is the graph of the operator T'. We denote by B(X, V) (B(X), if ¥ = ) the normed space (normed
algebra, if X = )) of all bounded linear operators 7" acting from X to ) with domain D(T') = X.

Definition 2.4 Let X and )Y be normed spaces and let
S:DSYcX —Y, T:DT)cx —Y
be linear operators acting from X’ to ). The gap from S to T is defined by
0(S, T) =6(G(S), G(T)), (2.3)

and the gap between S and T is defined by

(S, T) = 6(G(S), G(T)). (2.4)
More explicitly,
008, T) = sup inf (|lu—o|% + ||Su—Tva)l/2. (2.5)
u € D(S) veD(T)

lull% + 1Sull3, =1
If S and T are closable operators with closures S and T, then
5(S,T)=46(S,T). (2.6)
Theorem 2.5 Let X, Y be normed spaces and let S, T be densely defined linear operators. Then
8(S, T) = 6(T*, §*), 6(S, T)=64(S*, T, Q2.7

where S*, T are the adjoint (or dual) operators of S and T respectively.

Corollary 2.6 Let X be a Hilbert space, and let S, T be essentially selfadjoint (in particular, selfadjoint)
operators in X. Then

8(S, T) = 8(T, S) = 6(S, T). (2.8)
Example 2.7 Let X', ) be normed spaces and let T € B(X, ). It is easily seen that

||

0= TR

In virtue of Theorem 2.5 it follows also that §(0, T) = &(T, 0) = &(T, 0). Further results with regards to
bounded operator can be found in [6].

The following statement is used to obtain spectral stability estimates. It contains a little improvement compared
with the analogous result contained in [9, Chapter IV, p. 204, Theorem 2.17]. For this reason, a slightly modified
proof of this result is given here.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Theorem 2.8 Let X, Y be normed spaces,
S:DS)cx —Y, T:DIT)cXxXx—Y)Y
be linear operators and let A € B(X, V). Then
O(S+A, T+ A) < (2+A*)(S, T), 2.9)
Proof. Since D(A) = X, we have D(S + A) = D(S) and D(T + A) = D(T). Let u € D(S) and
[ull% +11(S + Aull3, = 1.
Then
[Sully < [I(S+ Aully + [[Aully < (S + A)ully + [|Allllulx,
hence, by Cauchy-Schwarz inequality,
I1Sull3 < (lull + 11(S + Aull3) (1+[AIP) = 1+ [ A]?
and
1/2 i
(lull% +1Sul})* < (24 14]2)*-
Moreover, for any v € D(T'),
1S + A)u = (T + A)vlly

|Su—Tv+ A(u —v)|ly

< |[Su—Tolly + || Allu - v]|x
hence
1S + Ayu — (T + Ayl3 < (lu— ol% + [Su—To|3) (1 + [ A])
and
1/2
(Il = o[l + [[(S + A)yu — (T + A)[3)"
1/2 L
< 241412 (Ju = v|% + |Su = To[)3)*
Therefore
5(S+ AT+ A) = sup inf  (lu—v|% + IS + A)u — (T + A)w|2)"?
u € D(S) ’UED(T)
llulld + (S + A)ull, =1
< (2442 sup inf (Jlu—vlf% + [[Su—To[3)"?
u € D(S) UED(T)
(lull? + lISuli3)1/? <
(24 ||A|2)L/?
= (2+ | A]1*)5(S, T). O

The gap is invariant under inversion, that is, if S, T are invertible operators, then
s(S7, 1771 =6(S, 7).

Theorem 2.9 Let X, Y be normed spaces and let T be an invertible operator with the inverse T—' € B(Y, X).
If S is a closed operator such that

58, 1) < (1+ 77 P)
then S is invertible, S~ € B(Y, X) and

L+ ||l
1+ HT_l ”2)1/25111111(57 T)

1 -1 .
||S -T H < 1_ ( 5111111(57 T),

where

Smin (S, T) = min{5(S, T), §(T, S)}.
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2.3 Some spectral stability results

If T : D(T) C X — X is aclosed linear operator, let o(T), 0,(T"), p(T") denote in order its spectrum, point
spectrum (the set of all eigenvalues), and resolvent set respectively. If A € ¢,(T"), N(T — X) is the eigenspace
of \.

Let X be an Hilbert space and let T be a selfadjoint (or even normal) linear operator. Assume that o(T) is
separated into two parts o1 (7') and o2 (T') by a positively oriented rectifiable simple closed curve I in such a way
that it encloses an open set containing o1 (7") in its interior and o5 (7') in its exterior and let

P[T] = f% A (T — €)~'de. (2.10)

It is well-known that P[T"] does not depend on the curve T, that is, if I” is another positively oriented rectifiable
simple curve that encloses an open set containing o (7°) in its interior and o5 (T) in its exterior, then the second

member of (2.10), with I instead of T", yields the same operator P[T]. It is also known that P[T’] is an orthogonal
projector. We call the subspace

N[T] = P[T|X (2.11)

of X the spectral subspace of T corresponding to the part o1(T') of o(T'). If o1 (T") consists of a finite number of

isolated eigenvalues of 7', say o1 [T] = {A1,..., A, }, then the following relation holds
p
N[T] =P N(T - N). (2.12)
j=1

A sufficient condition for o (T') to consist of a finite number of eigenvalues of 7' is that N [T'] has finite dimension.
In this case it follows from (2.12) that the sum of the multiplicities of the said eigenvalues equals the dimension
of N[T. The proof of these facts is not difficult and can be found in [18, Theorem XII.5] and in [8].

These considerations allow to obtain the following abstract spectral stability result, upon which the stability
estimates for the spectral subspaces of nonnegative selfadjoint second-order elliptic operators subject to homoge-
neous Dirichlet boundary conditions with respect to a perturbation of an open set obtained in the paper rely.

Theorem 2.10 Let T be a selfadjoint linear operator in X and let T be a positively oriented rectifiable simple
closed curve separating the spectrum of T into two parts o1(T') and o2 (T). Then there exist ¢, § > 0 such that,
Sor each selfadjoint linear operator S in X satisfying 0(S, T') < 6, this curve also separates the spectrum of S
into two parts o1 (S) and o2 (S) and

O(N[S], N[T]) <cd(S, T). (2.13)

Moreover, if o1(T) consists of a finite number of eigenvalues of T of finite multiplicities, then o1(S) also
consists only of a finite number of eigenvalues of S of finite multiplicities and the sum of the multiplicities of all
such eigenvalues of S is equal to the sum of multiplicities of the eigenvalues constituting o1 (T).

Proof. A point £ € T belongs to the resolvent set of S if S — ¢ is invertible with the inverse in B(X),
and this, in virtue of Theorems 2.8, 2.9 and Corollary 2.6, is true if (S — &, T — &) < (24 [£]*)d(S, T) <

(14 (T = &)~Y|?)~"/?. Therefore, if

1
2maxeer (2+ €2) (1+ (T —&)~1|2) ">

5(S, T) <6 =

then I" C p(S5).

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Let [(T") denote the length of the curve I'. Using (2.10) and Theorem 2.9, we obtain

I1PIS) - P = 5- | [ (s - — (7 - o—ludgH
<" (s -9 — (6~ 1)
@max 1+H(T_€)71||2 Omin(S — & T —
"o W 1 (14 (T = &)~12) *60in(S — £, T~ €) min(§ =8 T=0)
0w QRO g
T 1 - mascer (24 1€2) (1+ (T - €)1 [2) 785, )
<¢ed(S, T)

with ¢ = [(T")/(279). Then the result follows from Theorem 2.2.
The second part of the theorem is a consequence of Theorem 2.3 and the considerations preceding this theorem.
In order to be able to apply Theorem 2.3 we take also §(S, T') < 1/c. O

Remark 2.11 The previous result can be extended to normal operators by replacing 0(.S, T') with 6(S, T').

In particular situations it is possible to give a more explicit formula for the constant § (and hence also for
¢) in Theorem 2.10. For example, if 01 (T) = {A\o} and T is a circle centered at )\, of radius r that does not
enclose any other point of o(7") except A\g and that any other point of ¢(T") different from Ay has distance to
Ao not less than 2r (this assumption implies that dist(§, o(T)) = | — Ag| = r for all £ € T" and therefore
(T = &)~ = 1/dist(&, o(T)) = 1/r for each £ € I'), one can take

202+ (|Ao| +7)2] (1 + r2)/?

Ultimalety, we apply Theorem 2.10 to unbounded selfadjoint linear operators with compact resolvents bounded
from below so we specialize the result to these operators. First we need to introduce some notation in line
with (1.6), (1.7). An unbounded selfadjoint linear operator 7" which is bounded from below and has compact re-
solvent has an orthonormal basis of eigenfunctions { ¢y, [T'] }en satisfying T, [T'] = Mg [T]er [T] for a sequence
of eigenvalues {\;[T]}1en ordered in nondecreasing order (counting multiplicities, A\;[T] — oo as k — 00).
Given k, m > 1 such that

Akr—l[T} < )\k [T] S e S /\k+m—l[T] < )\k7+7n, [T]7 (214)
let
Nk, m [T] = span {‘Pk [T], vy Plrm—1 [T]} (215)

We have the following

Corollary 2.12 Let T be an unbounded selfadjoint linear operator with compact ressolvent bounded from
below and let k, m € N be such that (2.14) holds. Then there exist §, ¢ > 0 such that for all unbounded
selfadjoint linear operators with compact resolvent S bounded from below with 6(S, T') < & one has

(N, m [S], Nig,m [T]) < ed(S, T). (2.16)
Proof. Consider a curve I that encloses the only points A, [T], ..., \g+m—1[T] of o[T]. In order to complete
the proof we need only observe that I" encloses only the points A [S], ..., Agim—1[S] of o[S] for sufficiently

small §(S, T'). And this follows from the fact that the \;[T], ¢ € N, are continuous functions of T" as T" varies
in the class of selfadjoint linear operators with compact resolvents bounded from below endowed with the gap
metric (see the inequalities (2.17) below which hold under the additional assumption that 7" and S are positive
operators).

It is possible to give an alternative proof of this fact without using the so-called Riesz formula (2.10). But first
let us abbreviate the notation by calling \;[T], ©;[T], \i[S], i[S], respectively A;, @i, AL, ¢}, i € N. Let also

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1364 V. I. Burenkov and E. Feleqi: Stability estimates for the eigenfunctions

P, @ be the orthogonal projectors of X onto Ny, ,, [T] and Ny, ., [S] respectively. For simplicity we suppose that
the operators 7', S are positive, that is Aq, A >0 (recall that in such a case HT‘1 H = /\171). By the Weyl’s
inequalities and Example 2.7 for all : € N

(Tt —571,0)

J1—s(r-1—5-1,0)°

R e B

On the other hand by Theorem 2.8
ST~ = 571,0) < (2+|T'P)a(T, $)
= (2+ X7, 9),
therefore for all 7 € N
T NTH <7 - ST < 2(2 4+ A 2T S) (2.17)
provided that §(S, T') < A?/(2A} 4 1). Let us take

2

_ )‘1
20 +1

min{3/4, di m/4}, (2.18)

where

o —1 —1 y— -
dk,m - mln{/\k /\ /\k+m )‘k+m}

then, by (2.17), 6(S, T) < & implies ;A;l N < dpm /2,0 € N Hence, fori = 1,...,mand j > k + m,

|/\/€+2 1 /\l 1| = Ak+z 1 >\J_1 o |>\7_ )\l 1| = >\k+m 1 k+m ‘)‘_ /\;‘_1| > dk:,m/z Analogously,
if j <k, |)\k+t 1 )\; 1| > di m /2. Therefore fori =1,...,m we have
71 =5 2 [T =5 il = N it = S i [
~ 2
Netio (Prtiz1, & Z/\ (ertiz1, ©}) €]
=1
= ] 1\2
/\k_+z 17 j_ ) |(<pk+i—17 90;)|2
j=1
> 1\2
> > Mevict =25 ) Hprrion, &)
=1
j;ék,..J.,kerfl
i 2
> (1 - Qi .
Thus

2m _ _
11 -Q)P|| < ——|T~" =571
dk.m
Analogously, one proves that
2m _ _
(1= P)QI < 2=t — 57
dk’,m
Therefore by Theorem 2.2 we have

S(Nj. m[S), New [T]) < ——|T~" = 57|

dk,m

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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and by (2.17), and (2.18) we obtain

5(Ne.m[S], Nie.[T)) < %5(5, 7). 0

In order to apply the previous result to obtain estimates for the eigenvectors we need also the following

Lemma 2.13 Let M and N be finite dimensional subspaces of a Hilbert space X, dim M = dimN = m,
and let uy,. .., u, be an orthonormal basis for M. Then there exists an orthonormal basis vy, ..., v, for N
such that

lur — v || < 556(M, N), k=1,...,m. (2.19)

Proof. Lemma5.4. of [2] states precisely what we want to prove, with the only distinction that we have (2.19)
with ||P — Q||, where P and @ are the orthogonal projectors of X onto M and A respectively, instead of
) (M, N). But these quantities are equal in virtue of Theorem 2.2, hence we have the desired result. O

Combining the above results we obtain the following theorem.

Theorem 2.14 Let T be a selfadjoint linear operator with compact resolvent bounded from below and let
k,m € N be such that (2.14) holds. Then there exist c¢,6 > 0 such that for each selfadjoint operator with
compact resolvent S bounded from below for which 6(S, T') < 0, there exists an orthonormal set of eigenvectors

O[T, - 1 [T] of T corresponding to the eigenvalues A\ [T, ..., g ym—1[T'] such that
H‘PHFI[S] - (p;chifl[T}H <c6(S, 1) (2:20)
foreachi=1,...,m.

Remark 2.15 The previous result is not symmetric in the operators 7', S in the sense that we are obliged to fix
first the eigenvectors of .S and then we can choose eigenvectors of T (as near to those of S as we wish provided
that §(S, T') is sufficiently small), but not conversely. Let Ay _1[T] < M[T] = -+ = Mesrm—1 < Mg [T for
some k, m € N. The fact is that the subspaces

m

N[T] = N(T — \[T]), and NI[S]= @N(s )

are indeed near to each other provided that ) (S, T) is sufficiently small (see Theorem 2.10), but we do not have
the necessary freedom in choosing the eigenvectors of .S since the eigenvalues of S, A [S], ..., A\pym—1[S] are
distinct in general (the multiplicity of an eigenvalue of a linear operator T is not stable under small perturbations
of T).

2.4 Direct sum of operators

Let X', X’ be normed spaces. Any subspace M C X can be seen as a subspace of X' x X’ by identifying it with
{(u,0) : uwe M}

analogously any subspace M’ C X’ will be identified with the subspace
{(0,u') : v e M}

of ¥ x X.Ifu e Xandu' € X/, we see u and v’ as elements of X' x X’ by identifying them with (u, 0) and
(0, u") respectively. Hence

(u, u') = (u, 0) + (0, u') = u+u'.
Definition 2.16 Let X', X', ), )’ be normed spaces and let
S:D(S)ycx —Y, S:DS)cx —Y

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1366 V. I. Burenkov and E. Feleqi: Stability estimates for the eigenfunctions

be linear operators. Then the direct sum operator S + S’ of S and S’ is defined in the following way:
D(S+ 8" = D(S)+ D(5"),

and
(S+9)(u+u')=Su+ S

forall w € D(S), v’ € D(5").

If X, X', Y, ) are Hilbert spaces we write S@.5’ instead of S+.5’. In the next proposition some easy-to-prove
properties of the direct sum operator are listed.

Proposition 2.17
)
N(S+S5)=N(S)+N(S"), R(S+S")=R(S)+ R(S).
(i)
G(S+5")=G(S)+G(5).
(iii) S+ S’ is invertible if, and only if, S, S’ are both invertible and, in this case,
(S+8)t=8"1{5t
(iv) S+ S’ is a closable operator if, and only if, S, S" are closable operators and in this case
S+85=5+5".
(v) S+ S8’ is a densely defined operator if, and only if, S, S’ are densely defined operators and in this case
(S48 =5*+ 5™

(vi) S+ 5’ is a bounded (respectively, compact) operator if, and only if, both S and S’ are bounded (respec-
tively, compact) operators.

(vii)
o(S+8)=a(S)Ua(S) p(S+S)=p(S)npS).
(viii)
op(S+5") =0, (S) Uy (5,
and for any \ € C,
N(S+ S = Myix) = N(S —My) + N(S" = Mx),

hence, in particular, the geometrical multiplicity of A as an eigenvalue of S + S’ is equal to the sum
of the geometrical multiplicities of A as an eigenvalue of S and S’ (this assertion is valid with the
understanding that if X is not an actual eigenvalue of an operator, then X is looked at as an eigenvalue
of geometric multiplicity zero of the said operator).

Now let X = Y, X' =)’ be Hilbert spaces.

(ix) S @S’ is selfadjoint (essentially selfadjoint) if, and only if, both S, S’ are selfadjoint (essentially selfad-
Jjoint) operators.

(x) If S, S" are nonnegative symmetric densely defined linear operators and S*, S’ " are their Friedrich
extensions (see, for example, [7, Section 4.4]), then

(S@S/)F — SF @S/F7
where (S @ S')F is the Friedrich extension of S ® S'.
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3 Spectral stability estimates for the eigenfunctions

As we have already said, we obtain the spectral stability estimates for the variation of the eigenfunctions upon a
perturbation of the open set {2 by using the notion of a gap between linear operators. This requires an appropriate
extension of the notion of a gap to linear operators determined by different open sets. In the present paper we
make use of the definition of a gap that we have proposed in an our earlier work [4]. For convenience we formulate
the definition here.

Assume that to each element €2 of a family of bounded open subsets of R”, n € N, whose boundaries have
Lebesgue measure zero a linear operator

Sq : D(Sq) C L*(Q) — L*(Q) (3.1

is associated, where the linear subspace D(Sq) of L*(2) is the domain of the operator Sg. The reason why
we consider only open sets with boundaries of zero Lebesgue measure is that, given two domains €21, s, we
need to identify the spaces L?(£2;) @ L?(Q2\Q1) and L?(Q) @ L?(2;\ Q) (which are always identifiable with
L2(Q,U(2\Q))) and L2 (Q,U(Q2\ Q1)) respectively) with L?(Q; U ). Indeed, note that this is possible since !
QU = (Ql @] (QQ \ﬁl)) @] (QQ ﬂan) = (QQ @] (Ql \972» @] (Ql N o, ) with ‘QQ 0891\ = ‘Ql Noy| = 0.

It is useful to make the convention that to the empty set () the null operator acting from the null space {0} with
values in {0} is associated, so that Sq @© Sy = Sq. We assume also that whenever €)1, {25 belong to the set of
indices of the given family of linear operators (3.1), so does {2y \STQ, thus for such €y, 25 we can also consider
the operators Sq, \0y and S, 0

With these notation we recall the following definition from [4].

Definition 3.1 Let €2, Q5 be bounded open sets of R" such that |0€;| = 0, ¢ = 1,2. The gap from Sq, to
Sq, is defined by

d(Sq,, Sa,) = (5(591 ® SSZQ\W7 Sa, & SQI \m), 3.2)

and the gap between Sq, and Sq, is defined by

6(Sq,, Sa,) = max{5(Sq,, Sa,), 6(Sa,, Sa,)} (3.3)

where the gaps on the right-hand sides of the above equations are gaps from-to and between operators acting in
the space L?(Q; U Q») according to Definition 2.4.

Remark 3.2 If in the previous definition each of the operators Sq, , S, ; So,\a7> So,\a; is selfadjoint (or
essentially selfadjoint), then the operators S, ®S,, \a7 S, ®Sg, \@, are selfadjoint (or, respectively, essentially
selfadjoint). Thus the gap from Sq, to Sg, is order-independent, that is

5(591’ SQQ) = 6(5927 Sﬂl) = 5(8927 SQ1)7

see Proposition 2.17 (iz) and Theorem 2.6.

The application we have in mind when introducing the previous definition is the following. For each bounded
open set Q let So : D(Sq) C L*(2) — L?() be the linear operator introduced in Section 1. In the rest of the
paper we use the notation introduced in Section 1. The main result of the present paper is the following

Theorem 3.3 Fix a bounded open set Q) C R", and let k,m € N be such that inequalities (1.7) hold. Then
there exist ¢,d > 0 such that

S(Nk, m [Q/]’ Nknn [Q]) S C(S(SQH SQ) (34)
Sor all bounded open sets Q' C R" for which §(Sq/, Sq) < § and |QA Q| < 6.

Proof. The result is a consequence of Corollary 2.12 and of the properties of the direct sum of operators
Proposition 2.17. |Q A €| needs to be sufficiently small in order to ensure that none of Az ;[Q],4 =0,...,m—1,

' We denote by |A| the Lebesgue measure of a Lebesgue measurable set A C R”.
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is an eigenvalue of SQ,\ﬁ and none of the A ;[€Y'], i = 0,...,m — 1, is an eigenvalue of S, @7 This is possible
because A; [\ ], A [\ Q] — oo as [QA Q| — 0. Thus the spectral subspaces of the operators Sq & Sq\ 7,
Sar @ S, \a corresponding to the said eigenvalues coincide with the spectral subspaces of the operators Sq, Sq-
respectively if |2 A Q'] is sufficiently small. O

The usefulness of the previous Theorem 3.3 depends on our ability to estimate the gap on the right-hand side
of (3.4). We dealt with this problem in our paper [4] and we formulate here the results that we obtained in that
work.

If Q € C! then the restriction of the operator Sg in Dg = {u € C?*(Q)NC*(Q) : ulpg =0, Su € L*(Q))}
(using a Green identity one shows that Do C D(Sq)) is essentially selfadjoint, that is Sq = Sq|p,, , .., see a
comment in Section 3 of [17]. The regularity assumption on €2 is not far from being optimal, for if, e.g., 2 is a
non-convex plane polygon, Sq|p, with a;; = d;;,4,5 = 1,...,n, b = 0 is not essentially selfadjoint. Indeed,
by [3] its closure Sy, has deficiency indices (d_, d) = (d, d), where d is the number of non-convex corners.

Hence, if €, Q2, Q1 \Qs, 2, \Q; € O, then from (2.6) and Proposition 2.17 (iv), (x) it follows that

8(Sa, Sar) = d(Sa, Sar) = 6(Salp,, Sarlp,,)- (3.5

With these observations and notation the following result is a direct consequence of [4, Theorem 4.2].

Theorem 3.4 Letn = 2,3 andy = 1/2ifn =3,0 <y < lifn = 2. Let Q € C"1, then there exists a
constant ¢ > 0 such that

6(59, SQ/) < cg” 3.6)

or all € > 0 and for all open sets Q' € C' such that Q. C ' C Q' C Q.
P

Using these facts and observations we can deduce the following spectral stability results.
Theorems 3.3 and 3.4 imply

Theorem 3.5 Letn = 2, 3andy = 1/2ifn=3,0<~y < lifn=2 FixQ € C"! andlet k, m € N be
such that inequalities (1.7) hold. Then there exist c,ey > 0 such that

S(Nk’m[Q/L Nk,m[Q]) S ce’.

if0<e<eyand ) € CYVissuchthat Q. C Q' C  C Q.

This theorem together with Lemma 2.13 imply the following

Theorem 3.6 Let n = 2,3 and lety = 1/2ifn = 3,0 < v < lifn = 2. Fix Q € C-1. Let \[Q)]
be an eigenvalue of multiplicity m (m € N) of Sq, that is, there exists k € N such that \[Q)] = M\, [Q] =
<o = Aeym—1[Q). Then there exist c,eqg > 0 such that the following holds: if 0 < ¢ < &y and Q' € CbH!

is such that Q. C Q' C QO C Qand o 1[], ..., 0rem[Q] is an orthonormal set of eigenfunctions of
Sqs corresponding to the eigenvalues A\, [QV] < -+ < Neym—1[€], then there exists an orthonormal set of
eigenfunctions ;[ . .., ©k+m—1[Q] of Sq corresponding to the eigenvalue \[SY] such that

lor+i[Q] = @rai[ ]| L2 0y < cog”

foralli=0,....,m—1.
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