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Iterated Lie brackets for nonsmooth
vector fields

To Alberto Bressan.
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Abstract. If the vector fields fi, fo are locally Lipschitz, the classical Lie
bracket [f1, f2] is defined only almost everywhere. However, it has been
shown that, by means of a set-valued Lie bracket [fi, f2]set (which is
defined everywhere), one can generalize classical results like the Commu-
tativity theorem and Frobenius’ theorem, as well as a Chow-Rashevski’s
theorem involving Lie brackets of degree 2 (we call ‘degree’ the number
of vector fields contained in a formal bracket). As it might be expected,
these results are consequences of the validity of an asymptotic formula
similar to the one holding true in the regular case. Aiming to more ad-
vanced applications—say, a general Chow—Rashevski’s theorem or higher
order conditions for optimal controls—we address here the problem of
defining, for any m > 2 and any formal bracket B of degree m, a Lie
bracket B(f1, ..., fm) corresponding to vector fields (f1,..., fm) lacking
classical regularity requirements. A major complication consists in finding
the right extension of the degree 2 bracket, namely a notion of bracket
which admits an asymptotic formula. In fact, it is known that a mere iter-
ation of the construction performed for the case m = 2 is not compatible
with the validity of an asymptotic formula. We overcome this difficulty
by introducing a set-valued bracket © — Bser(f1,. .., fm)(z), defined at
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each point = as the convex hull of the set of limits along suitable d-tuples
of sequences of points converging to . The number d depends only on
the formal bracket B and is here called the diff-degree of B. It counts
the maximal order of differentiations involved in B(gi,...,gm) (for any
smooth m-tuple of vector fields (g1, . .., gm)). The main result of the paper
is an asymptotic formula valid for the bracket Bset(f1,- .-, fm)(2).

Mathematics Subject Classification. Primary 34A26, 49J52; Secondary
34HO05.

Keywords. Nonsmooth vector fields, Iterated Lie brackets, Asymptotic
formulas.

1. Introduction

1.1. The problem and the main result

As soon as soon as f; = Zi:l i By and fy = Zi:l fs BrS are C'' vector

fields on an Euclidean space R™,! the Lie bracket [f1, f2] is defined as

[f1, fo](x) := Z (gﬁf{— gﬁfﬁ) 8?ci Yo € R™.

i,j=1

The Lie bracket turns out to be an intrinsic object. Precisely, though it is
constructed by a linear combination of second order differential operators, is a
continuous first order differential operator, namely a continuous vector field.
As it is well-known, the Lie bracket [f1, f2] gauges the noncommutativ-
ity of the flows of f; and f;. Indeed, on the one hand the Commutativity
Theorem states that the flows of a family f1,..., f;, commute locally if and
only if [f;, f;] =0, for all 4, = 1,..., k. Furthermore, Frobenius’ Theorem es-
tablishes that the involutivity condition—mnamely [f;, f;] € span{fi,..., fx},

i,7 = 1,...,n (plus a constant rank hypothesis)—is equivalent to the fact
that the flows of fi,..., fx give rise to local foliations of dimension k. On
the other hand, if f1,..., fr are vector fields of class C*°, one can regard

the Lie bracket as a (non-commutative) product, so obtaining the Lie alge-
bra Lie{fi,..., fr }—over the ring of C* functions—generated by {f1,..., fi}
Chow—Rashevski’s theorem states that the assumption Lie{f1,..., fr}(y) =
R™ Vy € R", called full rank condition—or, in the PDE’s literature, Hormander
condition—guarantees small-time local controllability.?

The cornerstone of the mentioned results is an asymptotic formula con-
necting the bracket with a suitable composition of flows of the involved vector

I The definitions and results in this paper are valid on a differentiable manifold as well, but,
since they involve only local notions and estimates it is not restrictive to consider just the
case of an Euclidean space.

2 A k-tuple (f1,..., fr) is called smalil-time local controllable from z if, for any ¢ > 0, the
set of points reachable at ¢ from x via concatenations of forward or backward integral curves
of the f;, i =1,...k, is a neighborhood of x.
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fields. Let us use the exponential notation for the flows, namely, if ¢ is a lo-
cally Lipschitz vector field, e'9(y) is the solution at ¢ of the Cauchy problem
& =g(x), z(0) =y.
Asymptotic Formula for [fi, f2]. For every x. € R™ there exists a modulus
v(+): [0, +o00[— [0, +o0], i.e., ¥(-) is a nondecreasing function with v(01) :=
lim, o v(p) = 0, such that

dist (e*t2f2 oe fioet2fo o et i(z) — o tits[fi, fg](m*)>

< Itatal (7(1(t1,12) | + |2 = .]))
for allty,ts € R, x € R™.

1.1.1. Lie brackets of non-regular vector fields. Notice that there is a discrep-
ancy between the hypotheses on the vector fields needed to construct the Lie
bracket and those guaranteeing the existence (and possibly the uniqueness)
of local flows. Indeed the asymptotic formula holds true for C* vector fields
f1, f2, while local flows exist unique provided the vector fields are just locally
Lipschitz continuous. Therefore, aiming at weakening the regularity hypothe-
ses on the vector fields, one has to address the problem of an extended notion
of Lie bracket. Some steps in this direction were taken in [8]% through the use
of the following notion of set-valued Lie bracket: if f1, fo are locally Lipschitz
vector fields, the set-valued Lie bracket [f,g]se:(:) is defined by setting, for
every y € R™,

[f17f2]set(y)
= E{w = khj{)lo[fhfz}(ykf yr — U, yr € Diff (f1) N Diﬁ(f2)}7 (1.1)

where, if h is a vector field, we use Diff(h) C R™ to denote the subset of
points of differentiability of h. By Rademacher’s theorem, Diff (f) N Diff (g)
has full measure—hence, it is dense—in R"™. It is straightforward to show that
the set-valued map § — [f, glset(y) is upper semi-continuous* with compact
convex values. Moreover, {[f1, f2](y)} C [f1, f2]set(y), at each y € R™ where
f1, fo are both differentiable, the equality holding true if both D f; and D fs
are continuous at y. By the use of this set-valued bracket, in [7,9] the Com-
mutativity Theorem and Frobenius’ Theorem have been extended to families
of locally Lipschitz continuous vector fields. For this same class of vector fields
an extension of step-2 Chow—Rashevski’s Theorem was proved in [8]. Let us
point out that set-valued Lie brackets are likely to be useful also for second
order necessary conditions to nonsmooth optimal control problems.

There are at least two crucial reasons why the notion of set-valued bracket
[, ]set works well: first, it is sufficiently small for proving the Commutativity
Theorem and Frobenius’ Theorem for the case of locally Lipschitz vector fields,
as in [7,9]; secondly , it is large enough for applying an open mapping argument
in the non-smooth extension of step-2 Chow-Rashevski’s theorem [8]. As in

3 But see also [2] and references therein.
4 See below the definition of upper semi-continuity of a set-valued map.



61 Page 4 of 43 E. Feleqi and F. Rampazzo NoDEA

the smooth case the main ingredient to prove these results is an formula, which
in this case is expressed as follows:
Asymptotic Formula for [f1, fo]set. For every x, € R™ there exists a modulus
() [0, +o0[— [0, 400, such that

dist (e_th2 oe N oel2f2 0 hifi(g) — g, tltg[fl,fg]set(.’li*))

< ltatal (7(I(t1, 82) | + | = @.]))- (12)

1.2. The main result

The number m of vector fields formally involved in the construction of a
bracket B will be called the degree of B. In this case we also say that B
is a degree-m bracket. For instance, the brackets [[Xl, Xs), [X3, X4]], (X1, Xa],
and [[X71, Xs], X3] have degree 4, 2, and 3, respectively. In the smooth case,
asymptotic formulas for bracket of degree > 3 can obviously be deduced by
induction. So a natural issue is: can we do the same in the “non-smooth”
case? Let us consider degree-3 brackets: if fi, fa are of class C1''—i.e., their
derivatives are locally Lipschitz—then g := [f1, f2] is a locally Lipschitz vector
field, so, if f3 is another locally Lipschitz vector field, one might be lead to use
the set-valued vector field [g, f3]ser as a (set-valued) definition of the iterated
bracket [[f1, f2], f3]set- Yet, an example built in [9] shows that an asymptotic
formula for the multi-flows associated with [g, f3]set fails to be true. Actually,
this example suggests that the bracket [g, f3]set is too small.

In the present paper we propose a generalization of the notion of (set-
valued) Lie bracket to the cases when the degree is greater than 2, in such a
way that an asymptotic formula holds true. Therefore, in view of the above-
mentioned example, this bracket cannot simply be obtained by iteration of
the construction performed for degree-2 brackets. In particular, as soon as
the degree is greater than 2, a certain number of independent sequences are
needed in the definition of the set-valued bracket. This number turns out to
coincide with what we call diff-degree of the bracket under consideration. Let
us anticipate that the diff-degree is strictly smaller than the degree and is not
a function of the degree, although it increases with it (see the degree-4 cases
below in which the diff-degree is either 3 or 2).

At this introductory level, we prefer avoiding too technical definitions and
give the bracket definition and the main result only for the degrees 3 and 4.
This, however, will be enough for illustrating the main features of the general.

1.2.1. The degree-3 case. For every z, € R™, we set

[[f1, fa], f3] ., (@)
o {w =l Df(e,)- Ui f2(z) = Dl ) - folay). b (13

2 —Tx
where the sequences (x;) and (z;) take values in Diff (f3) and Diff ([f1, f2]),
respectively, and both (x;) and (z;) converge to ..

The chief difference from the case of the classical bracket consists in the
occurrence of two independent sequences instead of a single one, i.e. we do not



NoDEA Iterated Lie brackets for nonsmooth vector fields Page 5 of 43 61

assume (z;) = (z;). For this reason, we say that the diff-degree of the formal
bracket [[X7, X2], X3] is 2. With reference to the above-mentioned “negative”
example, notice that, setting g := [f1, f2], one has

[ga f?)]set(l'*) g [[fh f2]7 f3]set(aj*>7

and the inclusion is possibly strict. Together with the asymptotic formula
below, this somehow explains the negative result illustrated by the example in
[9]. To state the asymptotic formula let us set

U(ty, ta) == e tef2 g omtif1 g plafe o o1 1

Yty ta, ts) = e o (Y(ty, t2)) 7L o €33 o gp(ty, ty).

Asymptotic Formula for [[fl,fg},fg] o+ For every x, € R™ there exists a
modulus () such that

dist ({11, 2, 13) () — 2, ot [[f1, fo], fo] () )

< |tatats|v(|(t1, ta, t3)| + |z — 24])

for all (t1,ts,t3) € R3 and x € R™. Furthermore, the modulus y(-) can be
chosen to be the same for all x, in a compact subset of R™.

1.2.2. Two degree-4 cases. If fi, fa, f3, f1 are vector fields of class C*! (so
that, in particular, the brackets [f1, fa], [f3, f4] are locally Lipschitz), we set

[[fhfﬂ, [f3,f4]]set(33*)
= CO{w =, lim Dlfs, fal(z;) - [f1. ol (2) = DUy, 2l (5) - [ s, f4]($j)}a

25—k

where the sequences (z;) and (z;) take values in Diff ([f1, f2]) and Diff ([fs, fa]),
respectively, and they both converge to x,.

On the other hand, if the vector fields f; and f, are of class C?!, f3 is
of class Ct1, and f; is of class C%!, we set

[[[f1, f2], f3], fa] ()
= Co{w =, lim Dfa(y;)- (Dfs(fj) “[f1, fal(z5) = DU, fal(25) - f3($j))

Yj T
25—

—D(Dfs(ﬂfj) “[f1, f2l(25) = D[f1, f2l(z;) - f3(33j)> 'f4(2/j)) }f’
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where the sequences (z;) , (v;), and (z;) take values in the (full measure)
subsets Diff @ (f3), Diff (f1), and Diﬁ(z)([fl,fg]),6 respectively, and they all
converge to ..

Let us remark an important difference between the above brackets: the
formal bracket [[[Xl, Xs], X3], X4] has diff-degree equal to 3, so in the defini-
tion of [[[fl, f2], f3], fa]set(x) limits are taken along sequences of triples con-
verging to (z., T, z. ). Instead, the formal bracket [[Xl, Xs), [ X3, X4]] has diff-
degree equal to 2, and, accordingly, the definition of [[fl, fal, [fss f4]]set(x*)
involves sequences of pairs converging to (., ).

If one sets

P(ti, ta,t3,t4)(x) = (1/)(7537t4))_1 ° (77[}(t17t2))_1 o (ts, ta) o Y(ty,t2)

and

@[;(tl, tQ, tg, t4)(f£) = (1/)(151, tg, t3))71 o 67t4f4 e} €t4f4 e} d)(tl, tg,t3) 5
then one obtains the following result:

Asymptotic Formula for [[[f1, fo], f3], fi] oop- For every x, € R" there exists
a modulus ¥(-) such that

dist (w(t1,t2,t37t4)($) — T, t1t2t3t4[[[f17f2]7f3]7f4]set(x*))

< |t1t2f3t4|<7(|(t17t2,t3t4)\ + |z — ﬂC*D)

for all (t1,ts,t3,t4) € R* and x € R™. Furthermore, the modulus v(-) can
be chosen to be the same for all x, in a compact subset of R™.

An akin result holds for the bracket Hfl; f2], [fs, f4]] st 10 Telation to the flow
.
Asymptotic Formula for [[fl, fal, 1fs, f4]]set. For every x, € R™ there exists
a modulus y(-) such that

dist($(t1, b2, 1, 14) (2) — 2, tatatata [, o), s, ful] ,,(22) )

< Itatatstal (v(I(t, b2, tsta) | + |z — @)

for all (t1,ts,t3,t4) € R* and x € R™.

5 The expression

D(Dfa) - (1, f20(23) = DI, fa) () - fa(s)) - falw)
here denotes the quantity

D? f3(xy) - [f1, f2)(z5) — D?[f1, f2l(2;) - f3(z5) + Dfs(x;) - D[f1, f2](z5)
=D[f1, f2l(25) - Dfs(x5) .

6 Diﬁ(Q)(fg), and Diﬁ(z)([fl, f2]) denote the set of points where f3 and [f1, f2] are twice
differentiable, respectively.
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1.3. Organization of the paper

Sections 1.4 and 1.5 are concerned with basic material which will be used
throughout the paper. In Sect. 2 we introduce formal Lie brackets of degree
m > 1. In particular, given a bracket B, we define the family of basic subbrack-
ets of B, whose cardinality is here called the diff-degree of B. Moreover, we
consider notions of B-regularity for m-tuples of vector fields. Section 3 contains
the definition of set-valued iterated bracket, which is obtained as a suitable limit
of twisted Lie brackets. In the main result of the paper, namely the Asymptotic
Formula (Theorem 3.7), the set-valued iterated bracket is shown to be related
with the infinitesimal behavior of the corresponding multi-flows. In Sect. 4
we give the proof of the Asymptotic Formula. In turn, this proof is based on
both the Fzxact Integral Formula for iterated Lie brackets, which is recalled in
Sect. 5, and the technical estimates proved in Sect. 6. The latter mainly con-
cern the approximation of twisted Lie brackets by certain shift-twisted brackets
and, moreover, an error bound for the difference between set-valued brackets
and iterated brackets of regularized vector fields.

1.4. Preliminary definitions and notation

Let us use Ny to denote the set of nonnegative integers, i.e, Ny := N U {0}.

1.4.1. Set-valued maps and vector fields.

Definition 1.1. By a set-valued map F: M ~» N from a set M to another set
N we mean any map from M to P(N), the family of the subsets of N. If
M, N are topological spaces, one says that F' is upper semi-continuous at a
point z, € M if, for every neighborhood V of the subset F(z.) there exists a
neighborhood U of x, such that

FU):=|J Fx)cV.

xzelU

One says that F' is upper semi-continuous if F' is upper semi-continuous at x,
for every x, € M.

In the case when M, N are metric spaces, we have (see e.g. [1]):

Proposition 1.2. Assume that M, N are metric spaces and F has closed values
(i.e., F(x) is a closed set in N for every x € M ). Also, let the graph gr(F) :=
{(z,y):x € My e F(x)} be locally compact.

Then F is upper semi-continuous at . if and only if, for every sequence
(zk)ken in M such that (g, yr) — (2, y) for somey € N, with yi, € F(x1)(C
N), one has y € F(x,.). That is, to say, F is upper semi-continuous if and
only if gr(F) is closed.

1.4.2. Spaces of vector fields. We recall that a vector field f is said to be of
class CY if it is continuous. Furthermore, for k > 1, a vector field f is said to be
of class C* if the derivatives D f are continuous for every j = 0, ..., k, while f
is said to be of class C*~ 11 if it is of class C*~! and D*~1 f is locally Lipschitz
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continuous.” As it is customary, for every integer k > 0, we shall use C} [resp.
CEMif k > 1] to denote the subset of C* [resp. C*~11] whose elements
have compact support. If f is of class C*~1!, by Rademacher’s theorem, the
derivative D* f exists almost everywhere and is locally bounded. If f € C’g —L1
we shall consider the usual norm

k
1 -1 =D 1D £l
j=0
| - |loo denoting the L> norm. Clearly, as soon as f € C¥,

k

1 =12 = £ 116 = D 11D flloo.

J=0

1.5. Faa di Bruno’s formula

We will make use of the standard multi-index notation, according to which,
for a function ¢: R" — R? and multi-indexes o, 3 € (Ng)™ one sets

aal aan
0% = —— e ——
¢ Ox! Oz 2
where 3 < o means §; < «; for every j =1,...,n, and

la| =1 4+ - + ap, a—pf:= (a1 =1, an — Bn),
a) (o o%] Qn
()= () () ()
We recall the identity
SEQ ) e
lo|=k f<a

which can be found in [6, Problem 2.58].
Let us remind Faa di Bruno’s chain rule for higher-order derivatives (see,
e.g., [6] for the single-variable case and [3,5] for the many-variable case). We

now need some additional notation. For z = (z1,...,2,) € R" and a =
(o1,...,qy), “ stands for z{*z5? - - - xd~. We introduce an order relation on

the set of multi-indices Nij. For o, 8 € Nj we write 3 < a if one of the following
holds:

1. |8 < |af; or

2. 18] = |al, /1 < ag; or

3. |8| = || and there is i € {1,...,n — 1} such that 8; = a1, ..., B =
and Biy1 < aiy1.

7 This definition is intrinsic, i.e., the notion of class C* and of class C*~11 are not affected
by local coordinate changes of classes C**! and C*:! respectively. In particular, this notion
can be equally given on a manifold of class C**1 and C¥1, respectively.
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Let Q@ C R™ and D C RP be open sets and let g: Q@ — RP, f: D — R? be
k times differentiable functions such that g(2) C D, where n,p,q, k € N. Then
fog is also k times differentiable and for all & € N (where No = NU {0})
with 1 < |a| <k

|| || s
o v
0%(fog)= Y ("flog) Y « Hw,ﬂj, = (1.5)
[v]=1 s=1 P; ()
where, for all s =1,...,|al, v € N§ with 1 < |y] < |af, we let

Py(a,7) :—{(51,...,55;71,...,78) € (NI xNBY : |49 >1,Vji=1,...,s,

0<ﬁl<-~-<ﬁs,Zvj=%2|vjlﬁj=a}~ (1.6)
j=1 j=1

In the above expression, 37, like «, is an n-dimensional multi-index. Similarly,
~7, like v, is a p-dimensional multi-index.

2. Formal brackets and bracket-regularity of vector fields

2.1. Formal brackets

Given a fixed sequence X = (X1, Xo,...) of distinct objects called variables,
or indeterminates, we call words the finite ordered strings consisting of the
X, the left bracket [ and the right bracket ],® and the comma. We shall use
W (X) to denote the set of words. For instance, Xo X5 X, and X3, [X13[,]] Xe1]
are words (but we will be mainly concerned with special words, the iterated
brackets—see Definition 2.1—like [[X3, X4], X5] or [[[X4, X¢], X7], [Xs, Xo]])-
Given any word W € W (X), we use Seq(WW) to denote the word obtained
from W by deleting all left and right brackets and all commas. The degree
deg(W) of a word W € W(X) is the cardinality of Seq(W). For instance, if
W = [[[X4, X¢|, X7], [Xs, Xo]], Seq(W) = X4 X6 X7 X3 Xg and deg(W) = 5.
Let us give the definition of formal bracket by iteration.

Definition 2.1. We will call formal bracket of degree 1 any word of degree one
and we will say that the bracket of two members Wy, Wa of W(X) is the word
[W1, W] obtained by writing first a left bracket, then Wy, then a comma, then
Ws, and then a right bracket.

We call formal iterated brackets (or, simply, brackets) of X the elements
of the smallest subset IB(X) C W(X) such that:

1. IB(X) contains the brackets of degree 1;
2. whenever W; and Ws belong to I B(X) it follows that [W7, Wa| € IB(X);

8 In this passage the terms “left bracket” and “right bracket” refer to the square parentheses
| and [, respectively. They should not be confused with the notion of formal bracket—or
simply bracket—which is introduced below as a special kind of word and is modeled on the
Lie bracket.



61 Page 10 of 43 E. Feleqi and F. Rampazzo NoDEA

3. For every element B € IB(X) one has seq(B) = X, 41,..., X, 4m, for
some z > 0 and m > 0.

Notice that the degree is additive by bracketing operation, i.e.,
deg([B1, Bo]) = deg(B1) + deg(B2)

for every pair of brackets By, Bs.

For every bracket B of degree m > 1 there exists a unique pair (By, Bs)
of brackets such that B = [By, Bz|. The pair (B, Bs) is the factorization of
B, and the brackets By, By are known, respectively, as the left factor and the
right factor of B.

If B is an iterated bracket of degree m, then any substring of B which
is itself an iterated bracket is called a subbracket of B. We will use Sbb(B) to
denote the set of subbrackets of B. Brackets have a nested structure: if S, Ss
are subbrackets of B, then either S; is a subbracket of Ss, or S is a subbracket
of S1, or Sy and Ss are disjoint (in the sense that their letter sequences are
disjoint).

2.2. Basic brackets and diff-degree

Special subbrackets of degree < 2, here called basic subbrackets, will be crucial
in establishing the kind of limiting procedure needed for defining set-valued it-
erated Lie brackets (Sect. 3). The cardinality of the family of basic subbrackets
of a bracket B will be called the diff-degree of B.

Definition 2.2. Let B be a bracket. A subbracket S C Sbb(B) is a basic sub-
bracket of B if either deg(S) = 2 or deg(S) =1, i.e.,, S = X; for some i, and
neither [X;_1, X;] nor [X;, X;11] is a subbracket of B. We will call diff-degree
of B, and write ®eg(B) the number of basic subbracket of B.

For instance, the subbrackets [ X5, X3] and X, of [ X2, X3], X4] are basic,
while X5 and X3 are not, so that Deg([[X2, X3], X4]) = 2. Observe that

Deg(B) =1 < deg(B) < 2.
Notice that, for every bracket such that deg(B) > 2, one has
Deg(B) < deg(B) — 1.
For instance,
2 = Deg([[ X3, X, [X5, Xe]]) = deg([[X3, X4], [Xs5, X]]) — 2
and
3 = Deg([[[Xs, Xu], X5], Xe]) = deg([[[X3, Xa], X5], Xe]) — 1.

Notice also that, as soon as deg(B) > 2, the diff-degree is additive with
respect to factorization: if B = [By, Ba], then

Deg(B) = Deg(By) + Deg(Ba). (2.1)

9 We might eliminate the third condition, which, up to renaming variables, is not restrictive.
However, it is convenient to retain it for practical reasons connected with factorizations and
proofs based on recursion.
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The name diff-degree refers to the fact that it coincides with the highest
order of differentiation showing up in any coordinate representation when the
variables of B are replaced by vector fields. Let us see this more precisely. If
we plug in smooth vector fields f; for the indeterminates X; of a bracket B
and interpret the result as a classical Lie bracket—see Definition 2.8—every re-
peated bracketing of a subbracket involves a certain number of differentiations,
and this number depends only on the formal bracket B.

Definition 2.3. If B is a bracket and S € Sbb(B), let us define Deg(S; B) by a
backward recursion on S:

Deg(B; B) :=0, Deg(S1;B) := Deg(Sy; B) := 1+ Deg([S1, S2); B).
We shall refer to Deg(S; B) as the the number of differentiations of S in B.

It is easy to prove that Deg(S; B) is equal to the number of right brack-
ets that occur in B to the right of S minus the number of left brackets
that occur in B to the right of S. For example, if B = [Xg, [X4,X5]], then
Deg([Xy, X5]; B) = 1, Deg(Xy; B) = 2, Deg(X5; B) = 2, Deg(X3; B) = 1.

Clearly, if (By, B2) is the factorization of B, and seq(B1) = Xu41,...,
Xytmis s€q(B2) = Xpqpmy+1, - - - Xpgm, for some pp >0, mq,mg > 1,

oy Deg(X B +1 ifje{p+1,..,ptm}
QQQ(XJ,B>— {@BQ(X],BQ)+]. 1f]€ {,u+m1+1,,u+m1+m2}

Moreover, if X; is a subbracket of S and S is a subbracket B, one has
Deg(X;; B) = Deg(X;; 5) + Deg(S; B).

The relation between the numbers Deg(X;; B) and the diff-degree Deg(B)
is as follows:

Lemma 2.4. For any bracket B one has
Deg(B) = max {@eg(Xj; B): X, is an indeterminate ofB}.

Remark 2.5. The diff-degree Deg(B) will be the number of (n-dimensional)
variables that have to be used in the limiting procedure for defining Lie brack-
ets of vector fields which satisfy weaker regularity hypotheses (see Sect. 3.1).
So n-Deg(B) might be regarded as the right dimension of the space where one
can define the new bracket by a density approach. One might say that Deg(B)
reveals a dimension of the bracket which is hidden in the ordinary, i.e., the
smooth case.

Finally, let us point out that the diff-degree of a bracket should not be
confused with the order of the corresponding Lie bracket as a differential
operator. Actually, all iterated Lie brackets of smooth vector fields are vector
fields, namely differential operators of the first order.
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2.3. Bracket-regularity for families of vector fields

To each bracket B with seq(B) = X, 41 ... Xutm, (@ > 0,m > 1), and each
finite sequence f = (f1,..., f,,) of vector fields such that v > m + p, we want
to associate the expression B(f) obtained by replacing indeterminates with
vector fields. For vector fields sufficiently regular, B(f) is obviously the usual
iterated Lie bracket. Let us make the required regularity conditions precise:

Definition 2.6. (Classes CP** and CP+F=11) Let B be a bracket of degree
m(> 1), with seq(B) = Xuq1... Xpugm, (0 > 0). Let f = (f1,...,f,) be a
finite sequence of vector fields, with v > u 4+ m, and let k£ be a nonnegative
integer. We say that:
o fis of class CPHFif f; is of class C®¢9(Xa-B)+k for each j € {14y, ..., m+
p};
o f is of class COBTF=L1 if f; isof class C®P#(Xs:B)Fh=11 for each
je{l+p,...,m+pu}
We also write f € CB+F and £ € CB+F~1L1 to indicate, respectively, that f is
of class CB** and f is of class CB+F—11,

For example, if B = [[Xg,X4], [[X5,X6],X7]} and f = (f1,...,fs) (so

m =5, v =28 u=2),then f € CB+3 if and only if f3, f1, fr € C° and
fs, fo € C%, while f € CB~11 if and only if fs, f1, fr € C*1, and fs5, fs € COL.
It is easy to verify the following result:

Proposition 2.7. Assume that we are given B, k, and £ = (f1,...,f,) as in
Definition 2.6. Let (By, Bs) be the factorization of B. Then:

o £ c CBTE if and only if £ € CP1HE+L gpd £ € CB2Hk+L;
o fc CBTF=L1 if and only if £ € CB 1R gnd £ € CB2FR1,

We are now ready to plug vector fields in place of indeterminates in a
bracket:

Definition 2.8. For integers p > 0, m,v > 1, such that u+m < v, let B be a
formal bracket such that Seq(B) = X1 ... X, qm and let £ = (f1,..., ) be
a v-tuple of continuous vector fields.
o If S € Sbb(B) has degree 1, i.e., S = X, for some j =pu+1,..., 0+ m,
we define the vector field S(f) by setting
S(f) == X;(f) :== f;;
e If S has degree > 1, so that S = [S,S2], and either S # B or S = B
and f € CB, we set
S(8) = [81(8) Sa(0).

Remark 2.9. There is a slight (and not confusing) abuse of the notation
[,-] in the above definition and throughout the whole paper. Indeed, while
[S1(f), S2(f)] is a Lie bracket of vector fields, [Sy, S2] is just a formal bracket.

10 If S is a proper subbracket of B (i.e., S € Sbb(B)\{B}) then Deg(S;B) > 0, so
Deg(S;B)+k—1>0evenif k=0.
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The resulting vector field S(f) has the following regularity:
S(f) € CPra(SiB)+k if feCBte
S(f) c C@eg(S;B)qufl,l iffe OB+k71,1.

If S is a proper subbracket of B (i.e., S € Sbb(B)\{B}) then Deg(S;B) > 0,
so Deg(S;B) + k—1 > 0 even if £ = 0. However, the inductive construction
of S(f) can be pursued even for S = B as soon as f € CZ, in which case we
obviously set

B(f)(z) = [Bi(f), B2(f)](2), (2.2)
(B1, B2) being the factorization of B. On the other hand, when f is just of
class CB~11 we still adopt definition (2.2) for B(f) at the points where both
Bi(f) and Ba(f) are differentiable, i.e., almost everywhere.

Let us collect the results we already have, based on classical, single-
valued, Lie brackets:

Proposition 2.10. Assume that we are given data B, k, v, and £ = (f1,..., f,)
as in Definition 2.6. Then:

o Iff € CB** then B(f) is a vector field of class CF;

o Iff € OB+*=L1 gnd k > 1 then B(f) is a vector field of class C*~11;

o Iffc CBHF=L1 and k = 0 then B(f) is bounded measurable vector field
(defined almost everywhere).

On v-tuples of f € CBHE=1.1 having compact support, we will consider
the norms:

Ifll 51k = lElBra—11:=" D S |oca(s.myrr-"
SeSbh(B)

Set-valued brackets If f = (f1,..., f,) is of class CB~11 and B = [By, B,
so that By (f) and Bs(f) are locally Lipschitz vector fields, one might expect
that the correct defn of “set-valued bracket” at a point x would be obtained
by

(a) Observing that B(f)(z) is defined almost everywhere (by Rademacher’s
theorem);

(b) Taking the limits of B(f)(x + h) as h goes to 0;

(¢) Defining the bracket to be the convex hull of the set of these limits.

However, such a definition, while proving quite effective for brackets of
degree 2 (see the Introduction and [7-9]), would encounter a serious objec-
tion: the asymptotic formula for the multi-flows corresponding to brackets of
degree > 2 (see Definition 3.6 and Theorem 3.7) would fail to be valid, as it is
illustrated by an example in [9, Section 7).

11 Of course, we set
k—1

IBE)oegs,m)+r = IBEK =Y IIDT(IB(E)llo + [|IDF (B(E))|| Lo -
j=0
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In particular, the limits obtained by the above procedure are not enough:
we will see that step (b) should be extended to suitable limiting processes
performed along k-tuples of sequences, where k is the diff-degree of B. Let us
make this precise by first introducing the notion of twisting of a bracket.

2.4. Twistings, shift-twistings, basic twistings
Let DIFF>°(R"™,R™) and Idg~ denote the family of C*° diffeomorphisms of
R™ and the identity map on R", respectively.
Definition 2.11. Let B be a bracket of degree m. A twisting 6 of B is any map
9: Sbb(B) — DIFF™(R" R")
such that 6(X;) = Idg~ if X; is not a basic subbracket of B.
Let us define the identity twisting as the twisting ¢: Sbb(B) — DIFF°
(R™ R™) such that
L(S) = [an
for every subbracket S of B.
Definition 2.12. For any h € R", let us define the shift 7, : R” — R” by
setting
Th(z) =2+ h forall x € R".

A twisting O of B is called a shift-twisting if, for any subbracket S of B there
exists h € R™ such that

@(S) = Th.
In particular, by taking h = 0 one obtains
L(S) = To(S) = Ian

for every subbracket S of B.

In the proof of the asymptotic formula for multi-flows we will make use
of particular shift-twistings one builds by considering, for a chosen x € R™,
the increments of a particular twisting 6 at x. Precisely:

Definition 2.13. For any bracket B, any twisting 6 of B, and any x € R", we
consider the shift-twisting 6,, defined as follows:

1. If S = B, we set 0,(B) := T( ) Namely,

0(B)(x)—x
o _ _ n
0:(B)(y) := T(G(B)(w)—x) (y) =y+ (6(B)(z) —x) forallyecR"
2. Let S be a subbracket of B with factorization (Si,S2), namely S =
[S1,52]. We set

T(0(5:)00(8)(2)-2) " ’

The shift-twisting 8, will be called the shift-twisting approximation of 6 based
on .
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The asymptotic formula is concerned with an estimate holding true in
a neighborhood of a given point x.. Therefore in what follows we shall need
a notion of convergence of twistings, which we define by introducing a metric
structure on twistings as follows.

Let A C R™ be a bounded set. We set for every 6,7 twistings of B and
every integer k > 0,

dpik(®m) = > (1005) = n(S)loea(s,my k. 4
SeSbb(B)
10N ™ = ()™ Ioeas.my b o)carms))) (< +00)
(2.3)

where, for every integer j > 0 and every C'°° map ®: R™ — R", we have used
the notation

i
1@]lj.4 ==Y 1D ®Jloc,a (< +00),
£=0

where

D@0, 4 = sup [D*D(z)].
z€A

Remark 2.14. Clearly dpy; depends on the subset A, but we are going to
keep A fixed in the sequel. Typically, given a point x,, we shall think of A as
the ball of unit radius centered at x.. Let us point out that dpix enjoys the
properties of a pseudometric. However, if we introduce an equivalence relation
on twistings by declaring equivalent two twistings that coincide on A, then
dpy« is a distance on the quotient set.

Definition 2.15. We will say that a sequence (0°)sey of twistings of B CB+F-
converges (on a given bounded set A) to a twisting 6 if

dp.i (0°,0) =0
as £ — oo.

Since diffeomorphisms act on vectors through their derivatives, we will
also make use of the notion of the derivative of a given twisting 6 of a bracket
B:

Definition 2.16. Let 0 be a twisting of a bracket B. The derivative of §, which
is here denoted by D4, is the function on Sbb(B) x R™ defined by

DO(S)(x) := D(6(5))(x)

for each subbracket S of B and each x € R™. In particular, D(S)(z) is a
linear isomorphism of R".

Notice that if © is a shift-twisting, one has
DO(S)(z) = Idgn
for any subbracket S of B and any x € R™.
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We will make use also of a notion of convergence for derivatives of twist-
ings, by setting, for every pair of twistings 6, n and every non-negative integer
k,

dpr(DO, D)= > (IDO(S) = DO(S) loeas.my b,

S€ESbb(B)
+IDO7(8)) = DOy (9)) | oea(5,5)+k,005) (K Yon($)(10))
(< 400). (2.4)

Definition 2.17. Let (6%),en be a sequence of twistings of a given bracket B.
We say that the sequence (D6)eny CEH*-converges to the derivative D6 of a
twisting 6 if

dpyi (DO, DO) — 0

as £ — oo.

We will be mostly interested in sequences (6°)scy of twistings of B such
that, for some k > 0,

dpir(6%1) -0 and aB_,_k(DOZ,DL) — 0,
as £ tends to infinity.

Remark 2.18. For any shift-twisting © of B and any integer k > 0, one has
dp(©,) =dpk(0,0) = Y [6(5)(0)],
5€Sbb(B)
dp(DO,.) = dp (DO, 1) = 0.
2.5. Twisted Lie brackets of vector fields

Let us recall the notion of action of a diffeomorphism on a C* vector field:

Definition 2.19. (Action of diffeomorphisms on vector fields) Given a vector
field f: R® — R"™ and ¥ € DIFF(R",R", we define U# f, the action of ¥ on
f, to be the vector field given by

z v U7 f(z) .= DU 1 (U(z)) - (fo¥(x)) forall zecR"

Remark 2.20. Notice that a vector field f is defined almost everywhere if and
only if U# f is defined almost everywhere.

As it is well-known, the above defined action preserves the Lie bracket:

V7 (f,g)(x) = [¥7 £, 97 g)(x) (2:5)
for all vector fields f, g of class C''. Of course this extends to less regular vector
fields, provided one considers only the points x such that both sides of (2.5)
are classically defined.

Remark 2.21. If ¥ is a shift, i.e., ¥ = 73, for some h € R", then DY (z) = Idgn,
for all z € R™, so that

(UV# f)(z) = fom(z) = f(x+h) forallz € R.
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We may deform, or twist, a Lie bracket B(f) as follows:

Definition 2.22. (Twisted Lie bracket) Let m > 1 and let B be a bracket of
degree m. Let p > 0 be an integer such that Seq(B) = X, 41... X, 4m, and
consider a v-tuple f = (f1,..., f,), v > m + pof vector fields of class CB~11.
For every x € R™ and every twisting 6, let us define the #-twisted Lie bracket
BY(f)(x) through recursion on the degree m:
(i) if m =1, we set
BY(f)(x) == D(O(B)™") - B(f)(0(B)(x)) = (B)" B(£)(x);

(ii) If m > 1, and (By, By) is the factorization of B, using 6; to denote the
restriction of § on Sbb(B;) for i = 1,2, we set

BY(f) = 6(B)* By (f), By* (F)].

Remark 2.23. From Remark 2.20 it follows that BY(f) is defined almost ev-
erywhere.

Ezample. Let B = [[X1, X32], X3] and let 6 be a twisting of B. Let us set
U, =0(X;),i=1,2,3, U1 = 0([ X1, X2]), and ¥ = §(B), so that, in particular,
0(X1) = 6(X3) = Idg~ since X7, X5 are not basic subbrackets of B.

Then

BY(f) = u# {\I/fé [‘I’?fu ‘I’ffz}, ‘I’?f?)}
= (D(¥) "o W) ([ (D(W12)~ " o Wig) - ([f1, f2] 0 W1a)

(D(W3) " oWs) - (fz0 ‘113)] ° ‘I’)

In order to construct set-valued Lie brackets, it will be sufficient to con-
sider only the subclass of basic twistings, that are defined as follows:

Definition 2.24. We say that a twisting 0: Sbb(B) — DIFF>*(R",R") is a
basic twisting if its restriction to the non-basic subbrackets coincides with the
identity twisting (i.e., 6(S) = Idr~ as soon as S is not a basic subbracket.

Furthermore, in the proof of the asymptotic formula we will replace the
twisting @ appearing in the integral exact formula (see (5.4)) with the basic
twisting 0y associated with 6, which acts only on basic subbrackets and is
equivalent to 6, by which we mean that

BY(£)(x) = B (f)(a). (2.6)

for any v-tuple f = (f1,...,f,) € CP~L1 and almost every x € R™. Let us
point out that an equality like (2.6) turns out to be a manifestation of the
bracket-preserving property of actions of diffeomorphisms on vector fields.

Let us define the basic twisting 0y associated with 6 in the general case.
For this purpose, if B is a bracket of degree m, for each subbracket S € Sbb(B),
let us define ¥ g, the subbracket chain of S in B, to be the finite sequence of
subbrackets

Ys = (Bs,o, cees BS,@eg(S,B))v
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where, if we let, for » = 0,...,Deg(S, B), Bs, be the unique subbracket of
B such that Bg, € Sbb(B) and Deg(Bs,, B) = r (notice that Bgg = S and

Bs oeg(s,8) = B).
Definition 2.25. For a given twisting 6 let us define the basic twisting 6y
associated with 6 by letting

1. 0y(S) = Idg~ as soon S is a subbracket of B which is not basic'?;

2. 05(S) = 0(Bgpeg(s,B)) © -~ 00(Bg,0) for any basic subbracket S.

Notice that a twisting 6 is a basic twisting if and only if 8 = 6.
Proposition 2.26 below will be essential in the proof of the Asymptotic
Formula (Theorem 3.7). Its trivial proof is omitted.

Proposition 2.26. If B is a bracket and 0 is a twisting of B, then 0 is
equivalent to its associated basic twisting 6y, by which we mean that

B’(f)(x) = B ™ (f)(x) (2.7)
for all £ € CB=VY and = such that both members are defined.'?

Ezample. Consider the formal bracket B = [[X1, X32], X3], and let 6 be a
twisting of B. So 0y is defined by setting

0p(X1) = 0(X2) = Idr», 0p(X3) = 0([[X1, X2], X35]) 0 0(X3),
Ou ([X1, Xa]) = 0([[X1, Xo], X3]) 0 0([X1, X2]), Oo([[X1, X2], X35]) = Idpn

It is straightforward to verify directly that 6y is equivalent to 6, namely
BY(f)(x) = B *(£)(x),

Indeed, if f € OB~V and W3 := 0(X3), ¥io := 0([ X1, X2]), and ¥ :=
0(B), one has

B°(f)(x)

~ )

(D(W12) " o Wyy) - (|:f1»f2} o ‘1112> ;

o \Il(x)>

(D(W1200) P oTy500) - (|:f17f2:| o(¥iz0 ‘I’)) )

(D(¥3)" 0 Ws) - (f30 U3)

(D@5 0w) ) (f30(s0W)) |(2) =B *(£)(x).

When one considers a basic shift-twisting of a bracket B (instead of a gen-
eral twisting), the notion of twisted Lie bracket simplifies into that of “shifted
Lie bracket”. In particular, unlike a general twisted Lie bracket, a shifted Lie
bracket depends only on d parameters in R™, where d := Deg(B).

12 Either S has degree > 2, or S = X for some j and X is not a factor of a subbracket of
degree 2 of S.
13 We remind that the set of such x has full measure.
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Definition 2.27. Let B be a bracket of degree m > 1 and let us order the basic

subbrackets of B, e.g., lexicographically: we use Sy, ..., Sg to denote them. For

every (hi,...,hq) € (R™)4, let ©1:7a) denote the shift-twisting given by
Omha)(§) () =7, (x) =x+hj, forallj=1,....d, forallzeR"

If 11 > 0 is the integer such that Seq(B) = X, 41 ... Xypm, let £ = (f1,..., f),

v > m++p, be an v-tuple of vector fields of class CB~11. For z € R and almost

every value of the parameter (hy,...,hq) € (R")?, the twisted bracket at x

B (£ (a)

will be called the (hy,...hy)-shifted bracket at x.

By merely applying Definition 2.22 (and keeping in mind the additivity
of the diff-degree) it turns out that B2 "* (f)(z) can be defined through
recursion on the diff-degree:

Proposition 2.28. For all x € R™ one has
B (£)(z) := (6" (B))" B(f)(x) =B(£)(x + h)

if Deg(B) =1 and h € R™. Moreover, if 1 < d := Deg(B) and B has factor-
ization (B, Ba), with di := Deg(B1), do := Deg(Bs) (so that dy + dy = d),
one has

(h1,...hg) (h1,...hg.) (h yoonhg)
BO" gy @) = [BETT ), BT ()] (@)
for all (hy,...,hq) in a full measure subset of (R™)* depending on x.

Ezample.

1. Let us consider the formal bracket B = [X5, [X3, X4]], and f = (f1,...,
fe), with f5 a vector field of class C%! (i.e., locally Lipschitz) and f3, f4
vector fields of class C1. One has Deg(B) = 2, and the basic subbrackets
are 51 = Xy and Sy = [X3, X4]. So, for every value of the parameter
(h1,h2) € (R™)? one has ©"1:h2)(S) = 7, and ©12)(Sy) = 7,,.
Finally, for all (hy, he) such that (D fo(x+hy), D[fs, f4](z+hs)) is defined
(i.e., almost everywhere, see Remark 2.20), one has

(£)(x) = [f2 0 Thys [f3, fa] © Thy | (@)
= D[f3, fal(x + h2) - fo(x + h1)
=D fo(x + h1) - [f3, fa](x + h2).
2. Similarly, if fa, f3, f1, f5 are vector fields of class O,

(£)(x) = [[f2, fs] © Thy, [f1, f5] © Thy ] (2)
= D[fu, f5](x + ha) - [f2, f3](x + h1)
—D[f2, fs](x + h1) - [fa, f5](z + ha).

Notice that Deg ([[Xg, Xs], [ X4, X5]]) = 2, 1i.e., in this case the diff-degree
is 2, so that the shifted bracket depends on 2n parameters.

(h1.h2)
(X, [X37X4]]® o

©(h1,h2)
[[X2, X3], [ X4, X5]]
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3. One more n-dimensional parameter is needed for the bracket [[XQ, [ X3,
X4, X5], . More precisely, Deg ([[Xo, [X5, X4]], X5]]) = 3, and, if f> is
of class Ct, f3, f4 are of class C?!, and f5 is of class C%!, for every
(h1, ha, h3) € (R™)3 one has

19" ) (@) = [[fo 0 iy U f1] © Tl fis 0 s ) ()
= Dfs(x + hs) - (D[f& Jal(x + h2) - fa(x + h1)

Do+ h1) - [fa fil(z + ho))
~D(Dlfs. fil @+ ha) - falw+ )

~Dfa(@+h) - [fa, fil(@+ ha)) - fola+ ha).

[[X2, [ X3, Xa]], X5

3. Set-valued brackets and the Asymptotic Formula
3.1. The set-valued bracket

For every = € R", we will obtain the set-valued bracket as the convex hull of
the limits of the shift-twisted brackets as the shift (hq,...,hq) goes to zero. If
E is a subset of a R-linear space, let us use co(E) to denote the convex hull of
E.

Definition 3.1. (SET-VALUED BRACKET) Let B be a bracket and let m :=
deg(B), d := Deg(B). If p > 0 and m > 1 are integers such that Seq(B) =
Xyt1-o- Xpygm and £ = (f1,..., f,), where v > m + p is a v-tuple of vector
fields of class CB~1! we define the set-valued bracket B,.;(f) at a point
z € R as the convex hull of all limits of “shift-twisted” brackets at x as the
nd-dimensional parameter (h ,hj,) goes to zero. Expressly,

(£)()} (3.1)

jl’ “ e
. T
Bgsei(f)(z) := co{ lim B
(Rjyseshjg)—0
where, for any x € R", limits are taken along all sequences ((hjp ceey hid))jeN

C (R™)? converging to zero and such that the vector pe jd)(f)(a;) is
defined.*

Ezample. In view of Example 2.5 we have that, if B = [X3,[X3, X4]] and
f=(f1,...,fs), with fo of class C%! and f3, f4 of class C*1,

[FoslFss fal] (@) = co{  tim DIy, fil(@+hyy) - ol + hyy)

(hjyshjg)—0
=Dfa(x + hjy) - [f3, fa](z + hjz)}7

where, we have written [fy, [fs, fallset(x) in place of [Xa,[Xs, X4]] _,(F)(2).

(hj iq)
14 As remarked above, B® 7! 74" (f)(z) is defined for almost every (h;,..., hjq)-
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Similarly, if fo, f3, f4, f5 are vector fields of class C™! and B = [[Xa, X3],
[X4a X5]],

[1F2 o), L fol] (@) = co{  Tim  DIfa, fil(@ + h2) - [fa, fol(z + hyy)

(h‘jl’h‘jZ)_)O

=Dl[fz, f3](x + hyy) - [fa, f5](z + th)}-

Furthermore, if f» is of class C™', fs, f4 are of class C%!, and f5 is of class
CY%1L, for every (hy,ha, h3) € (R™)? one has

([f2, [f3, fall, 5] ., (@)

B CO{ (h; i (Dfs(x + hjg) - (D[f3vf4](17 + hjy) - fo(@ + hyy)

jgxhjg)g’

~Dfa(@+ hyy) - Ufs, fal(w + hyy) ) D(Dls, fal(@ + hyy) - fola + hyy)

~Dfalat hyy) - UnoFlla 1)) < Fla ) )

Ezample. Let f1, fo be the vector fields in R? defined by

fily) = (3) folay) = (J@) forall (z,y) € B2, (3.2)

where, for some m > 2 a: R — R is a function of class O™~ 21,
At differentiability points of D™ 2« one has

ulfube I o) = D" a(o) (7).

bracket of degree m

Therefore,

sl b ) = 0 (0" a) o) ()

bracket of degree m

=0 () reacraw},

where, for any locally Lipschitz function ¢: R — R, dc¢(x) denotes Clarke’s
generalized derivative!® Needless to say that if « is of class C™~1 in some
neighborhood of a point x deprived of x itself, then

uliibe I plllto) = o] () = { (§) s a et}

bracket of degree m

15 We remind that for a locally Lipschitz map ¢: R — R the Clarke’s generalized derivative
at a point x € R is

dcd(z) ::co{jlin;o Dé(z;):

(x)jen sequence of differentiability points of ¢ such that z; — x as j — oo}
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@ = min {a(mfl)(z*),a(m) (x+)} , b:=max {a(mfl)(mf),a(mfl)(afr)} .

Proposition 3.2. The set-valued map x — Bger(£)(x) is upper semi-continuous
with convex, compact, non-empty values.

Proof. The fact that for every z € R" is compact convex follows directly from
the definition (and by the fact that the set-valued map is = +— B(f)(x) is
locally bounded). Furthermore, let us observe that the map

(@b, ha) = BET (B (@)

is defined almost everywhere and bounded measurable. More precisely, this
map is defined on a set of the form

Un ({x} X E)

where, for every x € R, E, C (R")? has full Lebesgue measure. Moreover,
since 7, (x) = Th4a—y(y) for all ,y, h € R”, one easily obtains that

(hi ,...h; )
Bt (£)(z :co{v:v: lim B VA :c}
(6)(x) dm (€)(x)
{ li B@(hfl"”hjd)(f)( )}
= CO{V:V = 1m T
(y’hjlﬁ“"hjd)*)(zio)

which, in turn, implies that the map x +— Byt (f)(x) is upper semi-continuous
on R™. g

Remark 3.3. Notice that as soon as f is of class CP at £ € R”, one recovers
the classical, single-valued bracket, namely B, (f)(Z) = {B(f)(z)}.

Remark 3.4. On one hand, the set-valued bracket Bse:(f)(x) is small enough:
for instance, it is contained in the set one would obtain by formally replac-
ing the classical derivatives with Clarke’s generalized derivatives. This allows
idempotency, namely the fact that for every locally Lipschitz vector field f one
has

[f7 f]set = {0}

to hold true (which would be not the case if we used Clarke’s generalized
derivatives, as one can easily check by considering the vector field f(z) = |z|
in R). This same “smallness of the bracket” allows to prove a “Frobenius type
Theorem” (see [7]), namely the characterization of local integrability through
(suitably rephrased) involutivity.

However, for degree > 2, a too small bracket'® would not be fit for gener-
ating sufficient conditions giving controllability, as in Chow—Rashevski’s Theo-
rem. This explains why the definition of set-valued bracket involves limits along
d-tuples of R"-sequences, where d is the diff-degree of the bracket, rather than

2516

16 For instance, the “bracket” one would obtain by mimicking the case of the degree 2.
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along limits of single R™-sequences (as in the degree two case). Among the
consequences of such a construction one has that

g, 1] 19, B ., 2 [f flset = {0} (3.3)

for any pair of vector fields g, h of class C1! (so that f := [g,h] is locally
Lipschitz). Furthermore, one can exhibit examples (see [9, Section 7]) where
the inclusion is strict.

Remark 3.5. A relation between the set-valued bracket and Clarke’s general-
ized derivative is recovered as soon as one of the two terms of the factorization
is slightly more regular. Precisely, if B = [By, Bs], fi is of class CP1*1, and f,
is of class CP2' 1, then:

1. The vector fields F} = By (fi) and Fy = By (fy) are of class C! and C%!,
respectively;

The pair of vector fields f = (f}, ) is of class CB~1:1;

3. One has

B(f) =0cFs-F1 —VF,-F, = {M‘Fl—VFl By o MEBCFQ},

o

where Jc F» denotes the Clarke’s generalized derivative of F5.

3.2. The asymptotic formula

We will now state the main result of the paper, an asymptotic formula, namely
an approximation at a point z of a certain composition of flows related to a
given bracket B(f) and to times t1,...,t, by t1 - t,, B(f)(z).

To begin with, let us establish the multi-flows we will be interested in.

Definition 3.6. Let B be a bracket of degree m > 1 and let ;1 > 0 be an integer
such that Seq(B) = X,41... X, 4m. For some v >m+p, let £ = (f1,..., 1)
be an v-tuple of Lipschitz vector fields of class OB~V For every (t1,...,t,) €
R™ we define the multi-flow = — W (¢,...,t,,)(x) recursively as follows:

(i) if deg(B) =m =1, i.e.,, B = X; for some j € N, we set
Uh(t)(z) = efi(x), forallzeR",

., UL (t)(z) is the value at t of the solution to the Cauchy problem

j= fg( ), y(0) =
(ii) if deg(B) =m >1 and (B1, B2) is the factorization of B, we set

-1
U (ty, ..t () == (mg2(tm1+1,...7tm)) o (Uh (t1,. .. tmy))
OWfBQ(tmlJl’l?"'?tm) O\I/Bl(tl,...,fml)(l')

for all x € R™, where my := deg(B1)(< m).

Ezample.

1. If B =[X1, X5] and f = (f,g), then
U (1, ) (2) = e 29 0 et 0 ef29 0 et ().
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2. If B=[Xy,[X2,X3]] and f = (f, g,h), then
U (11,10, t3)(2) = e 29 0 e PR o et29 0 elsh o e711f o e7t8h o g7 129
oet3h o etzg o 6t1f(.’L')
3. if B =[[X1,X5s],[X3, X4]] and £ = (f,g,h,k), then
U (11, 1o, t5,t4)(x) = e B3P o etk o efsh o etk o et/ 0 7829 0 f1f o ef29
oetak o g=tah o ptak o gtah o o—tag o o~t1f o ot2g etlf(a:).

Theorem 3.7. (ASYMPTOTIC FORMULA) Let B a bracket of degree m > 2
and let n € N. Then there exists a number K, depending only on m and n,

such that, for every f = (f1,...,fu.) € Cffl’l, one has

dist (\I!fg(tl, et (@) — Tty - Bset(f)(x*))

< |t1 ’ "tm| <7(K||f3_171|(t1, s 7tm)| + |x - x*‘)

+K (I - |(t1a--~7tm>|> (3.4)

forallz,z, € R™ and (t1,...,tm) € R™ with [(t1,...,tn)||[f]lB—1,1 < 1, where
7 is the modulus of continuity of the map x — B(f)(x) at x. defined by formula
(4.6) below. In particular,

dist (‘I’%(t““”tm)(”) —r Bset(f)(ac*)> —0. (35)

lim
(t1y~~-7t'm7w)_)(073'7*) tl e tm

4. Proof of Theorem 3.7 (asymptotic formula)

The proof of Theorem 3.7 will be based on the exact integral formula, recalled
in Sect. 5, and on a series of technical estimates which are proved in Sect. 6.
We will subdivide the proof in four successive steps. First, we will apply the
integral exact formula proved in [4] to some regularizations of the vector fields
fi,---, fm. Secondly, we will approximate the twisted brackets contained in
the integral formulas with shift-twisted brackets. This will be utilized in the
third step, where we will obtain an estimate for the distance of the multi-flows
relative to the regularized vector fields from the set-valued Lie brackets. The
proof will be finalized by letting the regularization parameter go to zero.

Step 1. The integral formula for the reqularized vector fields.

Let ¢: R™ — [0, +00[ be a mollifier—i.e., ¢ is a C°°, compactly supported
function with L'-norm equal to 1—and, for every ¢ > 0, let us consider the
regularized vector fields

@) = | file+Ch)g(h)dh Vo € R™
Rﬂ.

Correspondingly, let \I/g be the multi-flow associated with the bracket B and
the m-tuple f¢ = (ff ..o, [S)) of regularized vector fields, as in Definition 3.6.
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Since the vector fields ff ,i=1,...,mare of class C§°, we can apply the exact
integral formula (5.7) below (see Sect. 5), which gives
q/g(tlv'-'7 (I’)*I

t)
h b e ¢

:/ / B (£¢) (\pg (tl,...,tm_l,sm)(z)) dsi...dsp.  (4.1)
0 0

Here, in connection with the choice (g1,...,9m) = (ff, 0 fS), 6¢ stands for
the (basic) twisting utilized in Theorem 5.10 below, namely

9(: - eb(tl7"'yt'm.171)t‘lnl+17'~~)t7n71757n7317~~~557n71)

Step 2. Approzimations through shift-twistings.
When, on the right hand-side of (4.1), the twisting #¢ is replaced by
the shift approximation chg of 6 at the point z, = \Ilg (t1,. . ytm—1,Sm) (z),
€ [0,t,,] for t,, > 0 and s, € [tm,0] for ¢, < 0 (see Definition 2.13) one
obtains the integral

t tom
0 ¢
/ B () (xe)dsy ... dsy,
0 0
We wish to estimate the corresponding error, namely the quantity
’\Ilfg(tl,..., —x—/ / B’ e (£)( Yxe)dsy ... dsm | .

Making use of Proposition 6.6 below for £ = 0 and for the m-tuple g
given by the regularization f¢, we get

| B (£) (z¢) = B (£) ()| < co(m) ] - dpsa(0,0), 17 (4.2)

where ¢o(m) is the number defined in (6.21) below.
Hence, for o = \Ilf (t1,. . s tm—1,Sm) (z),

t1 tim
\Ilg(tl,..., —ac—/ / B% (£9) (¢ )ds; - . dsm‘
ty

<‘\I/g(t1,...,tm)(x)—m—/0 /0 Bec(fc)(xc)dsl...dsm'

t1 tm
0 0

_ /tl /tm | B (6) () = B () (w) | s ... dsp

) (x) — B% (fC)(xC)’ dsi ... dsm

) 1€ - dp (D, Do)t - [t
Ye(m) - E BT [(fry st - 1] [t (4.3)

co(m
co(m
where k(m) denotes the least number such that, for every bracket B of degree
m, f € CB~L1 ¢ >0, the estimate

dp41(0°,0) < k(m)[]|5|(ts, . )] (4.4)

I/\I

17 See (2.3) for the definition of dp41(0,¢).
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holds true for all (ty,...,t,) € R™ with [|[f¢]|5|(t1,...,tm)| < 1. Notice
that the existence of k(m) follows, in particular, from the fact that ¢(S) =
OS(t1, sty 1ty 1y s tme1s Smy 815« -5 5my )(S), S € Sbb(B), are prod-
ucts of flows of the vector fields f¢, ..., f as defined by (5.1), (5.2) and by
Lemma 6.1.

Therefore we obtain

. t tm
\Il%(tl,...7 —x—/ / x)dsy .. dsm’
< co(m)k(m) - [ENBH - 1(trs b)) - [Ea] - [l (4.5)

Step 3. Approzimation of the regqularized multi-flow through a set-valued bracket.
Now we wish to utilize (4.5) to estimate the distance

dist (\pB(fg)(tl, ot (@) — @, e thset(f)(x*))

for all x, z. € R™ and (1, ...,t,) € R™; we will make (x, ) tend to (x,,0) and
get the thesis). For this purpose, let us introduce the function ~y: [0, +oo[ —
[0, +o0],

1(p) = sup {dist (B%(£)(x). Buca(£)(.)) } (46)

where the supremum is taken over all basic shift-twistings © of B and all points
z € R” such that

(a) z lies in the domain of BO(f) ;
(b) |z — . +dp(©,1) < p.*°

According to Lemma 6.5 below, the function v is a modulus, i.e., 7y is
nondecreasing and
lim 0.
Jim, oy (p) =

Furthermore, by Proposition 6.8, there exists a constant Cy > 0 such that, for
all basic shift-twistings © and all ¢ > 0, one has

dist (B® (£)(2), Bset(f)(4)) < v(d5©,0) + [z — 2| + () + Co¢  Vx e( R").
4.7

By applying (4.7) to the shift-twisting © = 05( and using (4.5), we obtain
dist (\Ifgf () (x) — 2, tr - th(f)(:zr*)>
<t tonl (V(AB(6S, 1) + Jo = 2] +€) + CoC
+ colm)k(m) - [EI51 1 [t st ) (48)

Since in view of (4.4) one has

dp(65,.0) < dp(0°,0) < k(m)|E ] BI(t - tw)],

18 See Remark 2.18 for the definition of dg (0, ¢).
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from (4.8) one gets
dist (U pge)(8)(z) — @, t1 -+t B(£)(24))

< et (3 (W) 0 )]+ 2 = 2] 4.C)

o+ colm)k(m) - [EIBEL, - (Gt . 7tm>|) (4.9)
for all x € R™, (t1,...,ty) € R™, (> 0 with [|[£S] 5[(t1,...,tm)] < 1.

Step 4. Conclusion of the proof.
Taking the limit on both sides of (4.9) as the parameter ¢ goes to zero,
we get the thesis of the theorem, with K = k(m) + co(m)k(B). O

5. Integral formulas for bracket-generating C'*° multi-flows

Let us briefly recall the (exact) integral formulas for bracket-generating multi-
flows of C'*° vector fields, which were established in [4] by generalizing to the
degree > 2 the results in [8]. When not otherwise specified in this section we
shall assume that all vector fields are of class C*° and complete (by which we
mean that their flows are globally defined, a hypothesis which can be recovered
by means of standard “cut-off” arguments).

5.0.1. Integrating brackets. If a bracket B of degree m > 1 is given together
with a m-tuple g = (g1, - . ., gm) of smooth vector fields, the integrating bracket
of B(g) is a twisted bracket, depending on 2(m — 1) parameters, obtained
through suitable diffeomorphisms which are compositions of the g;’s flows.

Let m be an integer > 1, and let B be a bracket of degree m, which means
Seq(B) = X1...Xm. Let g = (g1,.-.,9m) be an m-tuple of C*° complete
vector fields.

Definition 5.1. Let us choose
2m—2
(tla oo atm1717tm1+17 cee 7tm7178m7817 v 78m71) e R™™ )

and let us consider the (2m — 2)-parameter twisting

9 _ a(tl;-<~7t7n1717tm1+17~-7tm71757n;517~--;5m71)
g V8

defined as follows:
e Forall j =1,...,m, we set
Qg(XJ) = Ian. (51)
o If S € Sbb(B), with k := deg(S) > 2, S = (51,52), k1 := deg(S1)(< k),
and Seq(S) = (X141, .., Xpgx) for some r € {0,1,...,m — 2}, we set
0g ()
= \1’22 (t7'+k1+17 s 7tT'+k—17 57‘+k) o ‘I’gl (t7'+17 s 7t7'+k1—1a 37‘+k1)- (52)

Remark 5.2. Notice that 6 = ¢ when m = 1. Moreover, when one of the
indexes mq,mg is equal one, formula (5.2) has to be interpreted as follows:
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o If mip = mo = 1 5
eg — 0;2751 = 5292 g 5191
e If m; >1and my =1,
0g 1= eSmitigmitl o \11%1 (tl, - 7tm1—1a Sml)
e If m; =1and my > 1,
Og == V% (ta...,tmy, S14m,) 0 €
Definition 5.3. For every value of the parameter
(tla .o atmlflvtmﬁ»la DR 7tm717 SmyS1ye oy Smfl) S R2m72,

the vector ﬁeld B(t1y~~7t1n1717t'm,1+1;~~7t'mflxs7n)51;-uys'mfl)(g) deﬁned by Setting,
for every x € R™,

is called the integrating bracket corresponding to B and g.
Example 5.4. If B = X3,
B(g)(x) = g1().
Ezample 5.5. If B = [X1, Xs],
B(g)***)(z) = [g1, 2] ()

= D(em 0 )™ gy, gl (€17 0 €45 (1)

Evample 5.6. If B = [[Xl,XQ],Xg],

(t1,53,51,52)
] z

B(g) ") (a) = [[g1.92] 95
= o# [[91,92](52’51)7 93} ()

=Dy 1. {D (\Ilf21) : [917 92] oWy, 93} (¥(2)), (5.3)
where we have set

. 8202 —tig1 $292 tig1 5393
U:=e oe oe oe 0 %393,

\1112 = 65191 o) 682‘(72.

Ezample 5.7. If B = [[Xl,XQ], [X3,X4]},

(t1,t3,54,51,52,53)

Blg) 0002 (2) = [[g1, 02, 93, 4]
= 0 [[g1, 02]2"), [g5, 94] ") (2)
=Dy . {D (U15) - [g1, g2] 0 W12, D (V3))

[95: 1] © Wau| (¥(2)).
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where
W 1= 5292 g o 1191 5292 ¢ ot191 § 05494 o~ 1893 o 5494 o et393’
\:[112 = 5191 o 652927 \1134 — 5393 o 5494
5.0.2. Integral formulas. Let B be a formal bracket of degree m > 1, let mq be

the degree of the first bracket of the factorization of B, and let g = (g1,...,9m)
be a m-tuple of C*° vector fields.

Theorem 5.8. (Integral representation) For every m-tuple t = (t1,...,t,y) €
R™ one has
UE (1), t
/ / B(tl’ bmy—15tmy 415 tm—1,5m 81,3 8m— 1)(g)

(tl, . tm 15 Sm) ( )) d51 d (54)

Remark 5.9. These formulas generalize the familiar integral representation of
ODE’s. Indeed, if B = X1, g = g1 one gets

eI (z) —x =V (ty)(z) —x = /0 1 B(g)(V%(s)(x))ds = /O ' g1(e®9" (z))ds.

Furthermore, in relation with the brackets considered in the previous three
examples, the general formulas read

Wi (o)) = [ [l (¥ 0,0)0) dos o 6.9
\Ijg[X17X2 g (1,13, t3) (@)

=z +/ / / [lg1, g2], ga] 30 °2) (‘I/[[x1 X1],X3] (t1,t2, 83)(@) dsy ds2 dss,

(5.6)
and
\I’ [[X1,X2], [Xg,X4]](t1’t2’t3’t4))( ) z
t1 ta ts tq
/ / / / (91, g2, [g3, ga]] (T 1or5051052:5)
( [[X1,Xa], [XJ7X4]](t1;t27t3784)( )) dSl d52 d$3 d547
respectively.

One can replace the twisting

e(tl;n-:tmlfl1t7n1+17~--7t7n71751717517---;377171)

with the corresponding basic twisting

0 (t15eeestmy —Tstmy 4150 sbm—1,8m 81,0 38m—1)
b)
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0 to obtain the (parametrized) vector field
Y B(tl, trmy—1,tmy+1,--- tm.flysmysl7'~~)3'm.71)(g)(y)

(B1sotmy —1tmy 1o bm =1 Smo ST Sm—1)
=B % (&)(y)-
By Proposition 2.26 and Theorem 5.8 one gets an integral formula in-

volving only basic twistings:

Theorem 5.10. (Integral representation with basic twistings) For every m-tuple
(t1,...,tm) € R™ one has

\I/ tl,..., ) T

/ / B(th otmy—1stmy+15--tm—1,8m,81,---,8m— 1)( )( )

(tl,... tm 1,Sm)( )) d81 ...ds Sm- (57)

6. Some estimates

In this section we state and prove a few technical results which have been
utilized in the proof of the Theorem 3.7.

Lemma 6.1. Let k,n be positive integers. Let f be a vector field on R™ of class
C* and having compact support. Then, for every t € R, the flow map = —
etf (x) is (well-defined and) of class C*. In addition, there exists a constant L
depending only on k and n such that, for every £ =0,...,k,

D5 (e () — o) (2, )] < LIIflxlt] (6.1)
for all (z,t) € R™ x R verifying || f|lx|t] < 1.

The regularity of the flow-map is a classical result, while the proof of (6.1)
can be easily deduced from standard arguments of the theory of o.d.e.’s.

Lemma 6.2. Let R" 5 x +— A(z) € R"*™ and R" 5 z — g(z) € R™ be, respec-
tively, a matriz-valued smooth function and a vector-valued smooth function.
Then for all k € Ny

D49l < e 024 (F 7T ) kgl (6.2

The norm || A|lx of a matriz- or a vector-valued function R™ D Q> x +—
A(z) = (Aij (@)1 cicm.1<j<n € R™™, m,n €N, defined on some open set 2,
is by definition

Al = Z 1D Al .

where, for 0 <0 <k,

DA = sup S 10 Ayl

|a|=£1<i<m
1<j<n
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Clearly, with these notation, ||Allo and ||Allec denote the same quantity.

Proof. For k = 0 the proof is easy so let £ > 1. We have

3 |oe g”;@mj(z)gﬂ'(x) SIS Z( ) 0977 Aij ()07 (x)]

o=k j=1 i,j=1|a|=k f<a
< % (5) el
la|=k B<a
E+n—1
S G [V
where the last equality follows from the combinatorial identity (1.4). O

Lemma 6.3. Let g: Q C R® — RP, f: D C RP — R? be functions of class C*
and g(?) C D, where n,p,q,k € N and Q, D are open sets. Then f o g is of
class C* as well, and moreover, the estimate

ID*(f 0 g)llo < k(k + 1) PEED D f|ley (1 + (| Dglla-1)*.  (6.3)
holds true. In particular,

1 0 glle < (k+1)THFPEEDHY £ (14 || Dgllre-1)*. (6.4)

Proof. By FA#a di Bruno’s formula (see (1.5)), for every natural number k > 1,
we have

IDX(fog)l= Y 10°(fog)l

|a|=k

la la
=S Y@ Head. Y a H ilw’ (6.5)
|k [51=1 =1 P, (a)

where, for all @ € N§j, v € Nj with 1 < || < |a| and for all s = 1,...,k, the
set Ps(a,y) C (N§ x Np)* is defined by (1.6).
Let us observe that, provided |3’| < k for whatever 47, one has

0% g | < (14107 g;|)"1 < (1 + D Igh)"1 < (1 + (| Dglls—1)""1.

Hence, for every (B',...,8%~%...,9%) € Ps(a,7), since Z\’y | = |v], we

have
[L16" 9" < (14 1Dyl
j=1
Continuing with the estimate in (6.5), we obtain
[D¥(f 0 9)l < Cr | Dfllk-1(1 + |1 D?][s-1)", (6.6)

where

lel o

=222 2L

lee|=F |v|=1 s=1 P;(a,y)
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Since the cardinality |Ps(c, )| of Ps(a, ) verifies
|Py(a, )| < (Ja| + 1)"TP)s < (k4 1)(nFP)k,

we get
Cr < k(k+ 1)(n+p)(k+1), (6.7)
which, together with (6.6), implies (6.3). O
In order to state Lemma 6.4 below we set, for every nonnegative integer
k,
pe(1) == arbi®(n+2)%*, ¢ = pr(1)(k + 1), 22571 (6.8)
and, for every natural number m > 2,
Pe(m) = (2054m)™  Prgm (1), (6.9)

where ay, by, are the constants appearing, respectively, in estimates (6.2) and

(6.4) for p=mn, i.e.,
-1
ap = (k+1)2k<k+"

L ) by, = (k 4 1)2n(k+D+1 (6.10)

Lemma 6.4. Let m > 1 be an integer. For every bracket B of degree m, integer

k>0, m-tuple g = (g1, ..,9m) € OB and every twisting 0, one has
IB®(&)llx < pr(m) - l|gl Bk (6.11)

provided dp4(0, t) < 1.

Proof. We prove the result by induction on m = deg(B).

Consider the case m = 1, so that B = X, for some i € N. Since the
twisting 6 consists of a single diffeomorphism, we write simply 6 instead of
0(B). If g = (g1,...,gm) for some m > i, we have B(g) = 0%g = 0%g —go
O+gol= (D(9_1 —Ile)oﬁ) cgof+gob.

By Lemma 6.2, we obtain

1B%(g)llx < I (DO~ — Idgn) 0 8) - (g0 8) [l + g o0
< ak (D07 — Idga)) 0 0lk llg o Ollx + llg © O]k,
while, by applying by Lemma 6.3, we get
|D(67" — Idgn) 00|l < bi [|[ DO — Idga)|[x(1 + || DO[x—1)F, (6.13)
lg o 01l < br llgll (1 + [ DO][x-1)", (6.14)
where ay, by, are the constants defined in (6.10). In addition
[1DOllk—1 < |1D(0 — Idgn)|[k—1 + [ D(Idpn)|[k—1 < dB4r(0,) +n,  (6.15)
| DO — Idgn)|| < dpyri1(6,0) (6.16)
(see (2.3) for the definitions of dpy (6, ¢), dpyr+1(0, ¢)). Combining together
the estimates (6.12), (6.13), (6.14), (6.15), (6.16) we deduce (6.11) with pg(1)
given by (6.8).

Now let m > 1. We shall prove that, assuming the thesis to hold true

for the brackets of degree < m, it holds true also for brackets of degree m. So

(6.12)
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let B be a bracket of deg(B) = m and let (B, B2) the canonical factorization
of B, i.e., B = [By, Bs]. Let the subbrackets B;, B, have degree m; and
ma, respectively, so that, in particular mi + mo = m. Let 6 be a twisting of
B verifying dpr (0, 0) < 1. We denote by 6;, i = 1,2, the restrictions of 0
to Subb(B;), respectively. Let U = §(B). Let also g € CB+*k. We have (see
Definitions 2.22 and 2.19)

B’(g)(x) = DY~ (¥()) - | BY" (g)ngz(g)} (W()).

For the sake of brevity let us set §; = Bfl (g), g2 = 3292 (g).
As in the case m = 1'% one has

1B%()Ilx < pr(1)]I[91, 2] lx- (6.17)
Since [§1, 2] = Dgs - g1 — Dgi - G2, by Lemma 6.2, it follows that
1191, d2lls < (b + D227 (g [kt 192llk + 1g2llm+1 [91llx)  (6.18)
By the inductive hypothesis, for i = 1, 2,

Bi+k)mi )

[9ille < pre(mi) (|8l
9illk+1 < Praa(ma) (|
since dp,1£(0;, ¢) < dp,+r+1(0;, ¢) < dpir(d, ¢) < 1.

By these estimates and by (6.18), since ||g||5,+x < |18l 5, +k+1 < I8l B4k,
dBi+k+1(6‘i7 l,) < dBi+k+2(9i7 L) < dB+k+1(97 l,), it follows that

1191 82]llk < (k + 1)2%" 7 (prsa (ma)pi (mz2) + prga (m2)pe(ma)) (Ilgll5x)™ ™

gllBitrs1)™

From this estimate, (6.17), m; 4+ mg = m, and the fact that

pr(m) = pe(1)(k + 122 (pra (ma)pr(ma) + prera(me)pr(mi)) O
it follows that (6.11) holds true.

6.1. Shift-brackets and set-valued brackets
Consider the function v: [0, 400 — [0, +0o[ defined by setting

~(p) := sup dist (B@(f)(ac)7 Bset(f)(x*)), Vp >0
e

where the supremum is taken over all basic shift-twistings © of B and all points
x € R™ such that

(a)  lies in the domain of B®(f) (which has full measure, since f € CB~11);
(b) |z — x| +dp(©,t) < p.

Namely, v(-) gives the largest error in the evaluation of the set-valued
bracket at z, by any O-shifted bracket when the latter is evaluated at = such
that |z — 2| + dp(©,¢) < p.

19 Notice that if a twisting, say 7, of a degree-1 bracket X; maps X; into the diffeomorphism
¥, one has dx, +x(n, t) < dx,;1+x(0, ¢) < 1) for every k.
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Lemma 6.5. The function 7y is a modulus, i.e.,

0%) = i =0.
7(07) = lim, ~(p)

dp(®,0)= > 16(9)(0)],
S € Sbb(B)

S s basic

Proof. Though this lemma is a nothing but a manifestation of the definition
and upper semi-continuity of the set-valued map z +— B®(f)(x), for the sake of
self-consistency we provide a proof. Clearly the right-limit v(0™) exists, for v
is a nondecreasing function. If we had (0") > 0, then we could find an & > 0
and a sequence p; — 07 such that y(p;) > > 0 for all j € N. Therefore, for
each j € N, there would exist a basic shift-twisting ©; and x; € R™ such that

dist (B (£)ci(x5), Boet(£)(74)) > €, (6.19)
while
|z — 2| +dB(0;,1) < pj.
Clearly the sequence { B (f) (xj)}jeN is bounded. Thus, there exists a subse-
quence, still denoted { B® (f)cl(gcj)}jeN7 such that B®i (f)(x;) — v as j — oc.
We now slightly change the sequence (©;) into (©;) by setting ©,(S) =
©;(S) + Tz;,—2, for all j € N and any basic subbracket S of B. One has

dp(©;,t) — 0 as j — oo. Therefore, by the definition of set-valued bracket
(see Def. 3.1), v € B(f)(x,). This gives a contradiction, for, passing to the
limit in (6.19) one gets

0 = dist (v, Bset(f)(m*)) >e>0.

6.2. Approximation of twisted brackets by shifted brackets

If B is a bracket, for any twisting ¢ of B and any m-tuple of vector fields
g=(g1,...,9m) of class CB, we have

B% (g)(z), zeR", (6.20)

is obtained by shifting B(g) through the shift-twisting approximation 6, of
6 based on z (see Definition 2.13). Informally, we can say that B% (g)(z) is
obtained from the expression of the twisted bracket B?(g) evaluated at x by
removing all terms containing derivatives of (S) and 6(5)".

If (B, Bg) is the factorization of B and 6y, 65 are the restrictions of 6
on, resp., Subb(By), Subb(Bs), we have

B (g)(x) = [BI"(e), BY”" (2)] (0(B)()).

In order to state Proposition 6.6, we need to define the following numbers
ck(m), meN keZ,k>0:

Ck(l) = Qk(k _ 1)k2nk(2 + n)kfl + k(k + 1)2n(k+1)(n + 2)n+k
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cr(m) 1= max {2’c (k + Z B 1) 20441 (m1)cry1(ma) + czc(l)pk(m)} Vm > 2,
(6.21)

where the maximum is computed over all pairs (my, msy) € N2 such that m; +
mo = m.

Proposition 6.6. Let us choose m € N and an integer k > 0. Let B be a bracket
of degree m and let 0 be a basic twisting verifying

dpirsi1(0,0) < 1.
Then, for each m-tuple g = (g1, - ., gm) € CBY*, one has
|D‘B’(g)(x) — D*B™(g)(x)| < ci(m)l|gllE s - A (6,0) (6.22)

for all 0 < ¢ < k, where cp(m) has been defined in (6.21), and distances
dpik (0,0) are defined as in (2.3) on a compact neighborhood K of x.

Proof. The result will be proved by induction on the degree m of B. First let
us examine the case when m is equal to 1.

If m = deg(B) = 1, then B = X, for some natural number 7. Since the
twisting 6 consists of one single diffeomorphism, it is not confusing to write 6
instead of 6(B). In addition we observe that

0 (B%(g))(x) = 9°gi(0(x)).
Since by Leibniz’s rule

aaBo(g) = Z (g)aaﬁ(Dﬁl 00) '3B(909) + 80‘(909),

0#8<a

by Lemma 6.3, and in particular, by estimate (6.3), we have
|0°B? () — 0“(g 0 0) ()|
< 25(k — DR DO -1 (1 + | DOlli—1)"" |l
< 25(k = DR 2+ n)* " g (0,0 gl (6.23)

where we have used the fact || D||x—1 < dpigrt+1(0,t) +n <1+ n.
By Faa di Bruno’s formula (1.5)

0%(g 0 0)(x) — 9°g(6(x))
o (8510)71 [o (8ﬁjlan),YJ

= Z (379)00 Z a! j];[lfyj!(ﬁj!)wj!*j];[l ,y]'!(ﬁj!)'\/j!

[v]=]e| Plal (@)

(6.24)

By the elementary inequality

n n
[~ 11
i=1 =1

g( max (|a,|+|b|) Z|a,7b| (6.25)
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valid for all (ay,...,an,b1,...,b,) € R?" and from (6.24), we deduce that
10° (g 0 6) (x) — 99 (6())|
il kal : (aﬁje (97 1dzn)”
< S o790 > Y o [T H TR

]l
Iyl=1 s=1P(an) |i=1 ! =

n—1
< ||g||B+k+1 (dBsrs1(6, 0) +n)"

o

(LYY S0P - 07 1)

[v[=1 s=1 Ps(a,y) j=1

Since
|27 — 97| < (|2 + [yl + )P for all 2,y € R", v € Ny,
we obtain
[0°(g00) () = 0 g(6(x))]
< llglprrsr (dpsnsa (@, ) +1)" " (dpprra(0, o) +n+ 1)

lal ol

~dpyry1(0,0) Z Z Z 21

[v[=1 s=1 Ps(a,y) 5=1

As in the proof of Lemma 6.3 and using the fact that dpyr+1(6,¢) < 1 we
obtain

10 (g.06) (2) — 8 g(0(2)] < Kk + 17" (0 + 2" * dpiss (0,0) gl porn.
(6.26)
From estimates (6.23) and (6.26) we deduce (6.22) for m = 1.
So let us assume the result true for all brackets of degree < m — 1, where
m > 2, and prove it for brackets of degree m. Let B be a bracket of degree
m with factorization (B, By) for some brackets By, By with deg(B1) = mq,
deg(By) = ma, mi +my = m. Let g = (g1,...,9m) € CBTF let 0 be a
twisting of B and let 0, denote the corresponding shift-twisting of B, see
Definition 2.13.
For i = 1,2, let #; denote the restriction of 0 to B;, h; = Bf"' (g) and
hi = B’ (g).
Clearly, h;,h; € C*1 and by the inductive hypothesis, for all j €
{0,...,k+1},

|D7hi(x) — Djizi(x)’ < cpr1(my)dp, 4 k+1(05,0) (6.27)
for i = 1,2 because dp, ++1(0:,t) < dpiri2(0:,t) < dpir+1(0,0) < 1.
Since we can write
[h1, ha] — [h1, ho] = [h1 — ha, ho] + [h1, ha — ho)]
= Dhy - (hy — hy) — D(hy — hy) - hy + D(hg — hs) - by
—Dhy - (hy — ha),
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using Leibniz’s product differentiation rule and (6.27) we conclude that for all
j=0,...,k

|Dj [h1, hg](x) — Dj [ill, BQ](Z‘)’

k+mn—1
< 2k< k >20k+1(m1)Ck+1(m2)d3i+k+1(9’b)'

Thus we have

| D[Ry, ho](®(x)) — DI B* (g)(=)]
< 2k (k * Z a 1) 2¢k41(ma)ept1(me) dp,r41(0,0). (6.28)

From the case m = 1 we have
| D7 (8# (A1, hal) () — D[, ha) (2 ()] < k(1) dpia (0,0) || [P, ol -
This together with Lemma 6.4 gives

| D7 (2% [hy, hol) (x) — D [hy, ho)(®(2))] < cr(Dpr(m) dprrsr(0,¢) gl 51a-
(6.29)

Estimates (6.28), (6.29) imply (6.22). O

6.3. Estimating the noncommutativity of bracket twisting and vector field
regularization

For every pair of integers m > 1 and k& > 0 , let us define the numbers
ri(m), sk(m), and wi(m) inductively by setting:

i) sk(1) =re(1) = 0;

(i1) sk(2) = re(2);
(ili) wy(1) = wp(2) = 0;
(iv) ro(m) = max{4p;(m1) - p1(mz2) : (mi,ms) € N2 my + my = m} if

m > 2.

Furthermore, for every m > 2 and every k > 0, we set

7 (m) 1= max {n2 ok (k + Z a 1) : <4pk+1(m1) 'Pk+1(m2)> } :

where the maximum is taken over all pairs (my, ms) € N? such that m; +msy =
m, while, for any m > 3, wg(m) si(m) are defined recursively by

wy(B) :=max {712’C <k + Z B 1> “(Pr+1(m2) - sk(m1)
+pr(me) - spy1(ma) + pr(ma) - skp1(ma) + pry1(ma) - sp(ma)) } )
(6.30)

where the maximum is taken over all pairs (mq,msa) € N2 such that m; +msy =
m7
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sp(m) := wi(m) + ri(m);
here the py(m)’s are defined as in (6.8), (6.9).

Lemma 6.7. For any bracket B of degree m, any integer k > 0, any basic
shift-twisting © and for any m-tuples £ = (f1,..., fu) of vector fields on R"
of class CB=1TR1 and with compact support, one has

|D¥BO () — (D*BO(£))°|| < si(m) - [ Bp-¢ V¢ >0, (6.31)

Proof. We shall prove the result by recursion on the degree of B. The first
step of induction relies on basic properties of convolution. Indeed, assume
m = deg(B) = 1, namely B = X, for some j =1...,m. Let f € CB~1TF! for
some integer k > 0, which means nothing but B(f) = f; and f; € C*1. The
diffeomorphism ©(B) is a translation, so that ©(B)(x) = x + h for all z € R",
where h := ©(B)(0). Since both translation and differentiation commute with
convolution, one has

D*BO(£%)(x) = D*(f; (- + h))(x) = (D" f{)(z + h)

= (D*f;(- + h))* (x) = (D*B(£))(x)
for every x € R. Hence (6.31) holds true when m = 1, with s;(1) = 0 for all
k> 0.

Now let m be an integer > 1 and let us assume the result true for all
brackets of degree < m — 1: we shall prove that it holds true for brackets of
degree m as well. Let B a bracket of degree m and let B = (B, Ba) be its
factorization. Let my = deg(B1), ma = deg(Bs); clearly my + mo = m. Since
f is of class CB~1HF1 f is also of class CPit*! for every i = 1, 2. Therefore,
in view of the inductive hypothesis, for every integer k > 0, i = 1,2, one has

lel.,.,
B+-4
i=1,2,0=0,....k+1 (6.32)

|DPBE () ~ D (B ()| < selma)

for all ¢ > 0, where si(m;) are positive constants depending only on m;, k, n,
and ©; is the shift-twisting of B; obtained by restricting B to Subb(B;).
Furthermore,?°

B(f)(z) = D(O(B))~"(6(B()) - [BY (), B (F)|(O(B)(x))
= [BO:(f), B2 (£)](x + h), V& eR",
where h := ©(B)(0), and, similarly,
BO(£%)(z) = [BY'(£°), BS* (£9)](z + h) Vz € R™
For every integer k > 0, let us consider the inequality
HD’“B@ £¢) — D (BO(f H

= |prBer ), BS: <f<>1 - DB (6). B ()|

20 We remind that ©(B) is a translation, for © is a shift-twisting. Actually, since © is a also
basic twisting, ©(B) is the identity on R™ (so h = 0) as soon as deg(B) = m > 2.
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< |[DrIBE (), B ()] — DHI(BE ()¢, (BS*(£)°] |

M
+ [ DB )¢ (BS2(5)] - DMBE (£), B ()

(II) (6.33)

Claim: one has

) = ||PHB ), BE=(£)] — DH(BE (£))C, (B ()] |

¢ (6.34)

< wi(m H HB+k ’

and

HD’C B@ (£))°, (B@z(f))q _Dk[B?l(f),Bg)z(f)]CH

< rp(m ¢ (6.35)

) [ela.

where wg(m), ri(m) > 0 has been defined above.
To prove (6.34), observe that by Leibniz rule we have

) = || PrBE ), B (£)] - DHI(BY (£)¢, (B2 ()] |

=y o (D A(BO1(£¢) — (BO1 (£))¢)
jal=h
B (fC) ( 1(£)) )
+D(B “(6) — (BS*(£)¢) - (BO(£))° - D (B9 (£))¢)

(B@ (£6) — C) )
> | (Z) (8““3(1?3?2 (1) - 0° (B (1) - (BY (1))

lal=k || B<a
~ 07 (D (BY () — (BY ()¢ ) - 07 (B (£
+0° (D (BS=(°) — (BS*(£)°) - 0°((BS* ()°)

IN
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¢
—o0 (D (BY () ) 9% (B (1) - (B5® <f>><)>

= 3 5 () (st

my
o |

Botk+1 Bi+k
lal=k B<o 2+k+ 1+
olma) £ seatm g

32+k Bl+k+1
+ pr(ma) H‘ - Sp41(ma) H
Btk T ( Bo+k+1
my
+ Prg1(my) - Hf‘ - sp(ma) - Hf’ ¢
Bi+k+1 Bs+k

< n<k + Z - 1) ok (pk+1(m2) + pr(m2) + pr(ma) +pk+1(m1)>

¢

el

G

<o) [ -

where wy(m) is defined in (6.30).

Now let us prove estimate (6.35). For notational simplicity let us set
Vi(z) := BP(f)(z), i = 1,2, 2 € R™. One easily checks that

(@) =V, vs] @) - [ 1) @)
= [ o(DVata + (V) = Vita + ch)

+DViCo + G (V5 ) = Va(o + ) )

for all z € R™. The estimate (6.35) when k = 02! is promptly obtained, because
[VE(x) — Vi(x 4+ Ch)| < 2||Villi - ¢, i = 1,2, so, by Lemma 6.4,

1B (@)[| < 4Vill1[IVall1¢ < 4pr(ma)pi(ma) ]| - C.
Now let k& > 1. If V;(x Z VI (x i = 1,2, by Leibniz’s product differ-

entiation rule and the fact that convolution commutes with differentiation, we
obtain, for every multi-index o = (v, ..., ay,) such that |a| =k,

21 See also [8] for the case when m = 2 and k = 0.
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O E*(z)
ZZ( )( M (0t cn) - (0°V9) (@) — 0V (w4 )
R™ B<la j=1
_ge-sN ¢ 81 7d
ot @+ Ch) - (09 (@) — 07V (x+<h)>> dh.

Then, by Lemma 6.4,

(07V7) () —8‘3‘/;j(9c+§h)‘ < 2|Villgy - € < 20k (ma) (D)5,

fori=1,2,j€{1,...,n}, |a| <k, 8 < «, from which we obtain

and

5 Vi

g oI

< prr1(ma)||(F) mL

(1) = || DB (£))°, (B2 (£)] - D'[BY (£), BS* (D) |

<> > Z( ><2pk+1 mo) ()52, o prer (m) (DB i

|al=k B<a j=1

+2pk+1(m1)||(f)||§§+k+1pk+1(mz)ll(f)||§§+k+1||> ¢

<n?.2k. (k + Z a 1) : <4pk+1(m1) 'pk+1(m2)> OB x - €
= re(m) - [(E)|B 4 - €, (6.36)

for some ri(m) > 0 depending only on k,m,n, so the estimate (6.35) for (IT)
is proved as well. Putting (6.33), (6.34), and (6.35) together, one gets the
thesis. 0

6.4. Approximation of the set-valued bracket by shifted brackets of regular-
ized fields

Proposition 6.8. Let B be an iterated bracket of degree m > 1, and let f =
(fi,---s fm) be of class CE=11 with compact support. Let y be the function
defined in (4.6) and consider a point x,. € R™. Then, for all shift twistings ©
and all x € R™, and ( > 0, one has

dist (B® (£)(z), B(f)(z.)) < v(dB(©,1) + |z — x| +¢) + C¢  (6.37)

where C := so(B)([|f]|z)™
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Proof. By Lemma 6.7
|BO(£9)(z) — (BO(£))(«)| < so(B)IIE]I% - (6.38)

for all shift -twistings ©. On the other hand (Be(f))q(x) is an average of
vectors of the form B®(f)(z) for points z = x + (h, |h| < 1. Therefore, by
|z — x| < |z — z.| 4+ ¢ and by the definition of « it follows that

dist ((BO(F)) (2), B(f)(z.)) < v(dp(©,0) + & — 2. +¢).  (6.39)
By (6.38) and (6.39) we finally obtain the thesis. O
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